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Abstract
We introduce the notion of a Bredon-style equivariant coarse homology theory.
We show that such a Bredon-style equivariant coarse homology theory satisfies lo-
calization theorems and that a general equivariant coarse homology theory can be
approximated by a Bredon-style version. We discuss the special case of algebraic
and topological equivariant coarse K-homology and obtain the coarse analog of
Segal’s localization theorem.
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1 Introduction
This paper contributes to the study of general properties of equivariant coarse homol-
ogy theories. We are in particular interested in localization theorems relating the value
of an equivariant coarse homology theory E on a G-bornological coarse space with the
values on certain fixed point subspaces. These localization results are the analogs, for
equivariant coarse homology theories, of the classical localization theorem for equivariant
K-cohomology theory of Segal [Seg68a, Prop. 4.1].
In the present paper we use the language of∞-categories as developed by [Cis19], [Joy08]
[Lur09]. For a group G the category GBornCoarse of G-bornological coarse spaces and
the notion of an equivariant coarse homology theory have been introduced in [BEKW17].
We will freely use the language therein developed.
As a preparation for our localization results we show the Abstract Localization Theorem
I 2.8 whose statement we are going to explain in the following. Let GOrb be the orbit
category of a group G. For functors E : GOrb→ Funcolim(C,D) and X : GOrbop → C,
where C and D are cocomplete ∞-categories and Funcolim denotes the ∞-category of
colimit-preserving functors, we define the D-valued pairing as the coend
EG(X) :=
∫ GOrb
E ◦X .
If F is a family of subgroups of G, E vanishes on F (see Definition 2.6), and XF is the
extension by zero of the restriction X|F⊥ of X to the complement F
⊥ of F (in the family
of all subgroups of G), then the Abstract Localization Theorem I 2.8 asserts that the
morphism
EG(XF)→ EG(X)
induced by the canonical morphism XF → X is an equivalence.
For illustration we first apply this theorem in the case of equivariant homotopy theory
(see Section 2.2). In this case E : GOrb → C represents a homology theory with values
in a cocomplete stable ∞-category C, X : GOrbop → Spc is the homotopy type of a G-
topological space, and EG(X) is the evaluation of the (associated) equivariant homology
theory EG onX . Here in order to define EG we use the equivalence Funcolim(Spc,C) ≃ C
given by the universal property of the ∞-category of spaces Spc and cocompleteness of
C. A conjugacy class γ in G gives rise to the family F (γ) of subgroups of G intersecting
γ trivially, see Definition 2.12. The Abstract Localization Theorem II 2.18 asserts that
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(under a condition on the quality of the inclusion of the fixed-point set Xγ → X) the
induced morphism
EG(Xγ)→ EG(X)
is an equivalence provided E vanishes on F(γ). This theorem is deduced from the Abstract
Localization Theorem I using excision. In Section 2.3 we derive the homological version
of the classical Segal Localization Theorem for equivariant topological K-homology KUG,
assuming that G is a finite group. The main point is to show that the functor KUG,(γ) (the
localization of KUG at (γ)) vanishes on F(γ), where (γ) is the ideal of the representation
ring R(G) consisting of elements whose trace vanishes on γ.
The main topic of the present paper is the study of localization theorems for equivari-
ant coarse homology theories. In equivariant homotopy theory, as a consequence of El-
mendorf’s theorem, C-valued equivariant homology theories are the same as functors
E : GOrb → C. Identifying C ≃ Funcolim(Spc,C) (recall that we assume that C is
cocomplete), we can interpret E as a functor from GOrb with values in non-equivariant
homology theories (see also Remark 3.11). The natural replacement of the functor
Top → Spc in coarse homotopy theory is the functor Yo : BornCoarse → SpcX
(see (3.1)) which associates to a bornological coarse space its coarse motivic space. We
shall see that a functor E : GOrb→ Funcolim(SpcX ,C) from GOrb to non-equivariant
coarse homology theories gives rise to a C-valued equivariant coarse homology theory
X 7→ EG(X) :=
∫ GOrb
E ◦ Y˜ (X) ,
(see Corollary 3.15). Here Y˜ : GBornCoarse → Fun(GOrbop,SpcX ) sends a G-
bornological coarse space X to the functor on the orbit category which sends G/H to
the motive Yo(XH) of the bornological coarse space of H-fixed points in X . Equivariant
coarse homology theories of this form will be called of Bredon-style.
The Abstract Localization Theorem I now implies a Coarse Abstract Localization Theo-
rem I 4.1 asserting that for a family of subgroups F the natural morphism
EG(XF)→ EG(X)
is an equivalence provided E vanishes on F . Using excision we deduce the Coarse Abstract
Localization Theorem II 4.5 which says that for a conjugacy class γ of G the natural
morphism
EG(Xγ)→ EG(X)
is an equivalence provided E vanishes on F(γ) and Xγ is nice in X .
In coarse homotopy theory we are lacking the analog of Elmendorf’s theorem. In general,
we do not expect that an equivariant coarse homology theory is of Bredon-style. In
Definition 3.29 we associate to every equivariant coarse homology theory a Bredon-style
approximation
EBredon → E .
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To this end we consider the functor
E : GOrb→ Funcolim(SpcX ,C)
sending S to the functor X 7→ E(Smin,max ⊗X), and we set
EBredon := EG ◦ Y˜ .
As an immediate corollary of the Coarse Abstract Localization Theorem II 4.5 we deduce
in Corollary 4.10 that for a conjugacy class γ of G, the morphism
EBredon(Xγ)→ EBredon(X)
induced by the inclusion Xγ → X is an equivalence provided the functor E vanishes on
F(γ). In order to be able to deduce from this a localization theorem for E itself, in Section
3.5 we study conditions on E and X implying that the comparison map EBredon(X) →
E(X) is an equivalence and provide some examples to prove it might be not. Since the
formulations are technical we refrain from stating these results here in the introduction.
In the Sections 4.2 and 4.3 we show how the Abstract Coarse Localization Theorems can
be applied in the case of topological (or algebraic) equivariant coarse K-homology theories
KXG (or KMXG for some additive category M enriched in C-vector spaces) and finite
groups G. We first observe that these spectra can be localized at an ideal (γ) of R(G)
associated to a conjugacy class (γ), and then show that for every object T in GSpX the T -
twisted functor KXGT,(γ) (or KMX
G
T,(γ), respectively) vanishes on F (γ). Under additional
conditions on X and Xγ (ensuring that the approximation by the Bredon-style versions
works) we then deduce equivalences
KXGT,(γ)(X
γ)
≃
→ KXGT,(γ)(X)
and
KMXGT,(γ)(X
γ)
≃
→ KMXGT,(γ)(X) .
Since a Bredon-style equivariant coarse homology theory is determined by a functor de-
fined on the orbit category it is natural to consider assembly maps. An assembly map
approximates a homology theory by the theory obtained from the restriction of the initial
functor to the subcategory of the orbit category of transitive G-sets whose stabilizers be-
long to a given family of subgroups. In equivariant homotopy theory these assembly maps
are the main objects of the isomorphism conjectures like the Farell-Jones or Baum-Connes
conjectures. An equivariant coarse homology theory naturally gives rise to an equivariant
homology theory in the sense of equivariant homotopy theory. In Section 3.6 we show
that the fact that the assembly map for this derived equivariant homology theory is an
equivalence implies that the assembly map for the equivariant coarse homology theory is
an equivalence, at least after restriction to a certain subcategory of GBornCoarse.
Acknowledgements: U. B. was supported by the SFB 1085 (Higher Invariants) and L.C.
was supportd by the GK 1692 (Curvature, Cycles, and Cohomology).
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2 Localization theorems in equivariant topology
2.1 The Abstract Localization Theorem for presheaves on the orbit
category
Let G be a group and GOrb be the category of transitive G-sets and equivariant maps.
Assume that C is a cocomplete∞-category. By the universal property of presheaves pull-
back along the Yoneda embedding i : GOrb→ PSh(GOrb) induces an equivalence
i∗ : Funcolim(PSh(GOrb),C)
≃
→ Fun(GOrb,C) (2.1)
of ∞-categories [Lur09, Theorem 5.1.5.6].
We consider a functor E : GOrb→ C.
Definition 2.1. By
EG : PSh(GOrb)→ C
we denote the essentially uniquely determined colimit-preserving functor with i∗EG ≃ E.
Remark 2.2. The functor EG is the left Kan extension of E along the Yoneda embedding,
hence it can be expressed in terms of a coend: for a given X in PSh(GOrb) we have an
equivalence
EG(X) ≃
∫ GOrb
E ⊗X , (2.2)
where ⊗ : C⊗ Spc→ C is the tensor structure of C over spaces and we consider E ⊗X
as a functor from GOrb×GOrbop to C. ♠
Remark 2.3. In this remark we collect some information about ends and coends, see e.g.
[GHN17]. Let I be an ordinary category. Then we form the twisted arrow category Tw(I)
[Mac71, Exercise IX.6.3] described as follows:
1. objects: The objects of Tw(I) are arrows i→ j in I.
2. morphisms: A morphism (i→ j)→ (i′ → j′) is a commuting diagram
i // j

i′
OO
// j′
.
The composition is defined in the obvious way.
This definition is compatible with the Definition of the twisted arrow category for an
∞-category given in [GHN17], [Gla16] upon taking nerves and taking opposites.
The twisted arrow category of I comes with a functor
π : Tw(I)→ Iop × I , (i→ j) 7→ (i, j) .
We now consider a functor F : Iop × I→ C. Following [GHN17, Sec.2], [Gla16, Def. 2.2]
we define its end by ∫
I
F := limTw(I) F ◦ π ,
(assuming that C complete). Similarly, for a functor F˜ : I× Iop → C we define its coend
by ∫ I
F˜ := colimTw(I)op F˜ ◦ π
op (2.3)
(assuming that C is cocomplete), where πop : Tw(I)op → I× Iop is the opposite of π.
For example, if D is some ∞-category, then we can [Gla16, Proposition 2.3] express the
mapping space between two objects X, Y in the functor category Fun(I,D) as an end:
MapFun(I,D)(X, Y ) ≃
∫
I
MapD(X, Y ) ,
where “the integrand” is interpreted as a functor
Iop × I→ Spc, (i, j) 7→ MapD(X(i), Y (j)) .
♠
Let F be a conjugation invariant set of subgroups of G. It determines the full subcategory
GFOrb of GOrb of transitive G-sets with stabilizers in F . The inclusion of GFOrb into
GOrb induces adjunctions
IndF : Fun(GFOrb
op,D)⇆ Fun(GOrbop,D) : ResF (2.4)
(assuming that D is cocomplete) and
ResF : Fun(GOrb
op,D)⇆ Fun(GFOrb
op,D) : CoindF
(assuming that D is complete). The left adjoint IndF (resp. right-adjoint CoindF) is
a left- (resp. right-) Kan extension functor. We have similar adjunctions for covariant
functors which will be denoted by the same symbols.
Let F be a conjugation invariant set of subgroups of G.
Definition 2.4. We let F⊥ := All \ F denote the complement of F in the set All of all
subgroups of G.
Let X be in Fun(GOrbop,D) with D cocomplete.
Definition 2.5. We define
XF := IndF⊥ResF⊥X (2.5)
and let XF → X denote the map induced by the counit of the adjunction (2.4).
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Let C be a stable ∞-category and consider a functor E : GOrb→ C.
Definition 2.6. We say that E vanishes on F if E(S) ≃ 0 for all S in GFOrb.
Let F be a conjugation invariant set of subgroups of G.
Definition 2.7. F is called a family of subgroups if it is invariant under taking subgroups.
We can now formulate the abstract localization theorem. Let E : GOrb → C be a
functor with target a stable cocomplete ∞-category C, F be a conjugation invariant set
of subgroups of G, and X be in PSh(GOrb).
Theorem 2.8 (Abstract Localization Theorem I). Assume:
1. E vanishes on F .
2. F is a family of subgroups of G.
Then the morphism XF → X induces an equivalence EG(XF)→ EG(X).
The proof will be prepared by the following two lemmas.
Let F be a conjugation invariant set of subgroups of G and D be some cocomplete ∞-
category. If F : GFOrb→ D is a functor and D is an object of D, then we can consider
the objects MapD(F,D) in PSh(GFOrb) and MapD(IndFF,D) in PSh(GOrb).
Lemma 2.9. We have the equivalence
CoindFMapD(F,D) ≃ MapD(IndFF,D) .
Proof. Without loss of generality we can assume that D is also complete. Otherwise we
consider a fully faithful embedding into some complete and cocomplete ∞-category.
For a space A and an object D of D we write DA for the power object in D characterized
by the property that MapD(D
′, DA) ≃ MapD(D
′ ⊗ A,D) naturally for objects D′ in D. If
X is in PSh(GOrb), then we consider DX as an object of Fun(GOrb,D) and DResFX
in Fun(GFOrb,D), where here we use the notation ResF also for the restriction of
covariant functors along GFOrb → GOrb. We have the obvious natural equivalence
ResFD
X ≃ DResFX . The assertion follows from the following chain of equivalences which
are natural in X :
MapPSh(GOrb)(X,CoindFMapD(F,D)) ≃ MapPSh(GFOrb)(ResFX, MapD(F,D))
!
≃ MapFun(GFOrb,D)(F,D
ResFX)
≃ MapFun(GFOrb,D)(F,ResFD
X)
≃ MapFun(GOrb,D)(IndFF,D
X)
!!
≃ MapPSh(GOrb)(X, MapD(IndFF,D)) .
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Here the equivalence marked by !! follows from the calculation
MapFun(GOrb,D)(H,D
X) ≃
∫
GOrb
MapD(H,D
X) (2.6)
≃
∫
GOrb
MapD(H ⊗X,D)
≃
∫
GOrb
MapSpc(X, MapD(H,D))
≃ MapPSh(GOrb)(X, MapD(H,D)) ,
where H : GOrb→ D is any functor. The equivalence marked by ! is justified similarly.
Let C be a cocomplete stable ∞-category, consider a functor E : GOrb→ C, and let F
be a conjugation invariant set of subgroups of G.
Lemma 2.10. Assume:
1. F is a family of subgroups.
2. E vanishes on F .
Then the counit IndF⊥ResF⊥E → E of the (covariant version of the) adjunction (2.4) is
an equivalence.
Proof. Since GF⊥Orb → GOrb is fully faithful the unit of the adjunction (2.4) is
an equivalence id
≃
→ ResF⊥IndF⊥. We conclude that if S belongs to GF⊥Orb, then
(IndF⊥ResF⊥E)(S)→ E(S) is an equivalence.
Assume now that S is in GFOrb. Then E(S) ≃ 0 by assumption. By the object wise
formula for the left Kan extension functor IndF⊥ we have an equivalence
(IndF⊥ResF⊥E)(S) ≃ colim(T→S)∈G
F⊥
Orb/S E(T ) .
We now note1 that the existence of a morphism T → S implies that T ∈ GFOrb. Hence
the index category of this colimit is empty and (IndF⊥ResF⊥E)(S) ≃ 0.
Example 2.11. Let F be a family of subgroups of G and E : GOrb → C be a functor.
Then we can form a new functor
EF⊥ := IndF⊥ResF⊥E .
It comes with a natural morphism EF⊥ → E and is the best approximation of E by a
functor which vanishes on F . 
1It is here where we use the special structure of the orbit category and the family. The remaining argu-
ments would work for GFOrb ⊆ GOrb replaced by any pair of an∞-category and a full subcategory.
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Proof of Theorem 2.8. Let C be an object of C. The assertion follows from the following
chain of equivalences which are natural in C:
MapC(E
G(XF), C)
(2.2)
≃ MapC(
∫ GOrb
E ⊗XF , C)
≃
∫
GOrb
MapC(E ⊗X
F , C)
≃
∫
GOrb
MapSpc(X
F , MapC(E,C))
≃ MapPSh(GOrb)(X
F , MapC(E,C))
(2.5)
≃ MapPSh(GOrb)(IndF⊥ResF⊥X, MapC(E,C))
≃ MapPSh(G
F⊥
Orb)(ResF⊥X,ResF⊥MapC(E,C))
≃ MapPSh(GOrb)(X,CoindF⊥ResF⊥MapC(E,C))
Lemma2.9
≃ MapPSh(GOrb)(X, MapC(IndF⊥ResF⊥E,C))
Lemma2.10
≃ MapPSh(GOrb)(X, MapC(E,C))
≃
∫
GOrb
MapSpc(X, MapC(E,C))
≃
∫
GOrb
MapSpc(E ⊗X,C)
≃ MapC(
∫ GOrb
E ⊗X,C)
≃ MapC(E
G(X), C) .
2.2 The Abstract Localization Theorem for topological G-spaces
We now formulate a second version of the Abstract Localization Theorem for families of
subgroups determined by a conjugacy class γ of G and topological G-spaces.
Definition 2.12. We define the set of subgroups of G
F(γ) := {H a subgroup of G |H ∩ γ = ∅} .
One easily checks:
Lemma 2.13. F(γ) is a family of subgroups.
Let ℓ : Top→ Spc be the functor which sends a topological space to the associated space.
We consider the functor
Y˜ : GTop→ PSh(GOrb) , X 7→ (S 7→ ℓ(MapGTop(Sdiscr, X))) , (2.7)
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where MapGTop denotes the topological space of G-invariant maps with the compact-open
topology.
Remark 2.14. The functor ℓ is equivalent to the localization functor Top→ Top[W−1],
where W is the class of weak homotopy equivalences.
The weak equivalences WG in equivariant homotopy theory are the morphisms in GTop
which induce weak homotopy equivalences on the fixed points spaces for all subgroups
H of G. These are exactly the morphisms which are sent to equivalences by Y˜ . By
Elmendorf’s theorem the functor Y˜ induces an equivalence
GTop[W−1G ]
≃
→ PSh(GOrb) (2.8)
and is therefore equivalent to the localization functor GTop → GTop[W−1G ]. See e.g.
[Blu17, Theorem 1.3.8] for this formulation of the classical result of [Elm83]. ♠
Let X be a G-space and γ a conjugacy class of G.
Definition 2.15. We define the G-topological space Xγ of γ-fixed points to be the subset⋃
g∈γ X
g of X with the induced topological structure and G-action.
Let X be a G-topological space and A be an invariant subset. We let N (A) denote the
poset of open neighborhoods of A in X . Then we can consider the constant pro-object
Y˜ (A) and ′′ lim′′N∈N (A) Y˜ (N) in Pro(PSh(GOrb)).
Definition 2.16. The subset A is nice in X if the canonical map Y˜ (A)→′′ lim′′N∈N (A) Y˜ (N)
is an equivalence in Pro(PSh(GOrb)).
Example 2.17. The condition that A is nice in X should exclude pairs (X,A) with
pathological homotopical behaviour. For example, if A is compact in X and admits a
decreasing family of invariant tubular neighborhoods (Ni)i∈N such that
⋂
i∈NNi = A,
then A is nice in X . 
Recall that C denotes a cocomplete stable ∞-category. Let γ be a conjugacy class in G,
let E : GOrb→ C be a functor, and let X be a G-topological space.
Theorem 2.18 (Abstract Localization Theorem II). Assume:
1. Xγ is nice in X.
2. E vanishes on F(γ).
Then the inclusion Xγ → X induces an equivalence
EG(Y˜ (Xγ))→ EG(Y˜ (X)) .
Before giving the proof of the theorem we show some intermediate results.
Let X be a G-topological space and let γ be a conjugacy class in G.
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Lemma 2.19. We have Y˜ (X)F(γ) ≃ ∅ if and only if Xγ = ∅.
Proof. Assume that Xγ = ∅. If H is in F(γ)⊥, then there exists an element h in H ∩ γ.
But then we have the inclusions XH ⊆ Xh ⊆ Xγ, i.e., XH = ∅. This implies that
Y˜ (X)(G/H) ≃ ∅.
We conclude that ResF(γ)⊥ Y˜ (X) ≃ ∅ and hence X
F(γ) ≃ ∅.
Assume now that Y˜ (X)F(γ) ≃ ∅. Then necessarily XH = ∅ for all H in F(γ)⊥. For h in
γ we have 〈h〉 ∈ F(γ)⊥ and hence Xh = X〈h〉 = ∅.
We conclude that Xγ = ∅.
Let γ be a conjugacy class in G, let E : GOrb → C be a functor, and let X be a
G-topological space. Then Theorem 2.8 has the following consequence.
Proposition 2.20. Assume:
1. Xγ = ∅
2. E vanishes on F(γ).
Then EG(Y˜ (X)) ≃ 0.
Proof. By Lemma 2.13 we know that F(γ) is a family of subgroups of G. Since Xγ = ∅
we have Y˜ (X)F(γ) ≃ ∅ by Lemma 2.19. By Theorem 2.8 we have the first equivalence in
EG(Y˜ (X)) ≃ EG(Y˜ (X)F(γ)) ≃ 0 .
Remark 2.21. We will need the fact that the functor ℓ sends push-out squares derived
from open decompositions into push-out squares. This implies that Y˜ has the same
property. We consider a push-out square in GTop
U ∩ V //

U

V // X
(2.9)
with U and V open in X . Then
Y˜ (U ∩ V ) //

Y˜ (U)

Y˜ (V ) // Y˜ (X)
is a push-out square in PSh(GOrb). In classical terms this is the assertion that (2.9) is
a homotopy push-out in GTop. ♠
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Proof of Theorem 2.18. The functor Y˜ turns push-out squares for open decompositions
into push-out squares (see Remark 2.21). We apply this fact to the square
N \Xγ //

N

X \Xγ // X
for N in N (Xγ). The functor Y˜ sends it to a push-out square in PSh(GOrb). The
functor EG(−) preserves all colimits, hence push-out squares in particular.
Since (X \Xγ)γ = ∅ and (N \Xγ)γ = ∅, by Corollary 2.20 the functor EG(−) sends the
left part of the square to zero. Hence the morphism EG(N) → EG(X) is an equivalence.
Consequently,
′′ lim′′N∈N (Xγ)E
G(N)→ EG(X)
is an equivalence in Pro(C). Finally we use that Xγ is nice and the equivalence
′′ lim′′N∈N (Xγ)E
G(N) ≃ EG(′′lim′′N∈N (Xγ)(N))
(where EG on the r.h.s. is right-Kan extended to Pro(PSh(GOrb))) in order to conclude
that EG(Xγ)→ EG(X) is an equivalence.
2.3 The Segal localization theorem revisited
In this section we show how the classical Atiyah-Segal localization theorem for equivariant
K-theory can be deduced from the Abstract Localization Theorem II 2.18.
In this section we assume that G is finite.
The equivariant topological K-theory is a multiplicative genuine equivariant homology
theory. It can be represented by a spectral Green functor KUG [GM11, Bar17]. For our
present purpose we need less structure, namely only a functor
KUG : GOrb→Mod(RG)
from the orbit category with values in modules over the commutative ring spectrum
RG := KUG(∗) .
It is known that π0RG is isomorphic to the representation ring R(G) of G. Note that the
equivariant K-homology of a G-topological space (as an RG-module) in our notation (see
Definition 2.1 and (2.7)) can be expressed as KUGG (Y˜ (X)).
2
Let γ be a conjugacy class.
2Note that the upper index G here refers to Definition 2.1.
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Definition 2.22. We let (γ) be the ideal in R(G) of elements ρ with Tr(ρ(g)) = 0 for all
g in γ.
Note that (γ) is a prime ideal. Then we can form the lax symmetric monoidal localization
functor
Mod(RG)
loc(γ)
−−−→Mod(RG,(γ))
l∗
→Mod(RG) , M 7→ M(γ) , (2.10)
where l : RG → RG,(γ) is the localization morphism of commutative algebras in Sp.
Remark 2.23. We have a symmetric monoidal (Bousfield) localization
(−)(γ) :Mod(RG)→ L(γ)Mod(RG) (2.11)
generated by the set of morphisms (RG
α
−→ RG)α∈R(G)\(γ). We furthermore have a canonical
functor
Mod(RG,(γ))→ L(γ)Mod(RG) (2.12)
which is actually a symmetric monoidal equivalence (see the proof of [Lur17, Prop.7.2.3.25]).
The symmetric monoidal morphism loc(γ) is the composition of (2.11) with the inverse of
(2.12). The pull-back l∗ :Mod(RG,(γ))→Mod(RG) is lax-symmetric monoidal. ♠
Applying the localization functor (2.10) to KUG we get the functor
KUG,(γ) : GOrb→Mod(RG) .
Lemma 2.24 ([Seg68a]). The functor KUG,(γ) vanishes on F(γ).
Proof. Let H be a subgroup in F(γ). Then Segal [Seg68b] has shown that there exists
an element η in R(G) with
1. η|H = 0 and
2. Tr η(g) 6= 0 for all g in γ.
We have an isomorphism π0KUG(G/H) ∼= R(H) as an R(G)-module, where the R(G)-
module structure on R(H) is given by the restriction homomorphism R(G)→ R(H).
By 2. multiplication by η acts as an isomorphism on the Z-gradedR(G)-module π∗KU
G
(γ)(G/H).
On the other hand, the multiplication by η on π∗KU
G
(γ)(G/H) ≃ R(H)(γ) is the multipli-
cation by η|H and therefore vanishes. This implies that π∗KU
G
(γ)(G/H)
∼= 0 and hence
KUG(γ)(G/H) ≃ 0.
Hence the Abstract Localization Theorem 2.18 can be applied.
Assume that G is a finite group, γ is a conjugacy class in G, and that X is a G-topological
space.
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Theorem 2.25 (Atiyah-Segal Localization Theorem). If Xγ is nice in X, then the inclu-
sion Xγ → X induces an equivalence
KUGG,(γ)(Y˜ (X
γ))→ KUGG,(γ)(Y˜ (X)) .
In order to compare this with the classical Atiyah-Segal localization theorem [Seg68b,
Proposition 4.1] note that, since localization commutes with colimits, we have an equiva-
lence
KUGG,(γ)(Y˜ (X)) ≃ KU
G
G (Y˜ (X))(γ) ,
i.e., we can interchange the order of localizing and forming homology.
Remark 2.26. In this remark G is an arbitrary group. One can still define functors
KUm,G, KUr,G : GOrb→Mod(KU)
with values
KUm,G(G/H) ≃ K
top(C∗m(H)) , KUr,G(G/H) ≃ K
top(C∗r (H)) ,
where Ktop is the K-theory functor for C∗-algebras and C∗r (H) and C
∗
m(H) denote the
reduced and maximal group C∗-algebras of H .
The universal functor vanishing on F(γ) derived from KU?,G is KU?,G,F(γ)⊥ for ? ∈ {r,m},
see Example 2.11.
LetX be aG-topological space and γ be a conjugacy class inG. The Abstract Localization
Theorem II 2.18 gives:
Theorem 2.27. If Xγ is nice in X, then the inclusion Xγ → X induces an equivalence
KUG?,G,F(γ)⊥(Y˜ (X
γ))→ KUG?,G,F(γ)⊥(Y˜ (X)) .
♠
3 Fixed points in bornological coarse spaces
3.1 Conventions
In what follows we assume that the reader is familiar with the notions of bornological
coarse spaces and coarse homology theories [BE16],[BEKW17].
We let BornCoarse and GBornCoarse be the categories of bornological coarse spaces
and G-bornological coarse spaces. By
Yo : BornCoarse→ SpcX (3.1)
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and
YoG : GBornCoarse→ GSpcX (3.2)
we denote the functors which send a bornological coarse space or G-bornological coarse
space to its coarse motivic space [BE16, Section 3.4], [BEKW17, Section 4.1]. The stable
versions of these functors are denoted by
Yos : BornCoarse→ SpX
and
YosG : GBornCoarse→ GSpX .
Let C be a cocomplete stable ∞-category. A C-valued coarse homology theory is a
functor
E : BornCoarse→ C
satisfying the conditions: coarse invariance, excision, vanishing on flasques, and u-continuity
[BE16, Definition 4.5]. Similarly, a C-valued equivariant coarse homology theory is a func-
tor
E : GBornCoarse→ C
satisfying the equivariant versions of these properties [BEKW17, Definition 3.10]. Occa-
sionally we will consider an additional property called continuity, [BEKW17, Definition
5.15].
By the universal property of the functors Yo and YoG, pull-back along these functors
induces equivalences between the∞-categories ofC-valued coarse homology theories orC-
valued equivariant coarse homology theories and the functor categories Funcolim(SpcX ,C)
or Funcolim(GSpcX ,C), respectively (see e.g., [BE16, Corollary 3.34]).
If X is in BornCoarse (or GBornCoarse) and E belongs to Funcolim(SpcX ,C) (or
Funcolim(GSpcX ,C)), then we will usually write E(X) instead ofE(Yo(X)) (or E(YoG(X))).
By the universal property of the stabilization maps SpcX → SpX and GSpcX → GSpX
and stability of C we have further equivalences,
Funcolim(SpcX ,C) ≃ Funcolim(SpX ,C) (3.3)
and
Funcolim(GSpcX ,C) ≃ Funcolim(GSpX ,C) . (3.4)
If S is a G-set, then we let Smin,max denote the G-bornological coarse space S with the
minimal coarse structure and the maximal bornology. The group G itself has a canonical
G-coarse structure and gives rise to the G-bornological coarse space Gcan,min [BEKW17,
Example 2.4].
The categories BornCoarse and GBornCoarse have symmetric monoidal structures
denoted by ⊗ [BE16, Example 2.30], [BEKW17, Section 4.3]. Furthermore, the categories
SpcX and GSpcX have symmetric monoidal structures, also denoted by ⊗, which are
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essentially uniquely determined by the requirement that the functors Yo and YoG refine
to symmetric monoidal functors.
For X in GSpcX and Y in GBornCoarse we will often write Y ⊗X instead of YoG(Y )⊗
X .
3.2 Motivic fixed points
Let G be a group and H be a subgroup. By
WG(H) := NG(H)/H
we denote the Weyl group of H in G.
If X is a G-bornological space, then we can consider the set of H-fixed points XH in
the underlying G-set of X . In this section we equip XH with the structure of a WG(H)-
bornological coarse space. Our main result is that the functor
X 7→ YoWG(H)(X
H) : GBornCoarse→ WG(H)SpcX
has the property of (an unstable) equivariant coarse homology theory and therefore essen-
tially uniquely factorizes over a motivic fixed point functor
IH : GSpcX →WG(H)SpcX .
We start with a G-bornological coarse space X . Then the subset XH of H-fixed points of
X has an induced action by the Weyl group WG(H). The embedding of the set X
H into
the completion BGX
3 of X induces a bornological coarse structure on XH , and XH with
this structure is a WG(H)-bornological coarse space.
If f : X → Y is a morphism of G-bornological coarse spaces, then it restricts to a
morphism of WG(H)-bornological coarse spaces f
H : XH → Y H . We therefore get a
functor
(−)H : GBornCoarse→WG(H)BornCoarse , X 7→ X
H .
For every group K we let
YoK : KBornCoarse→ KSpcX
be the functor which maps a K-bornological coarse space to its motive.
Lemma 3.1. The composition
GBornCoarse
(−)H
−−−→WG(H)BornCoarse
YoWG(H)−−−−−→WG(H)SpcX (3.5)
satisfies:
3The completion BGX is the G-bornological coarse space obtained from X by replacing its bornology
B by the bornology GB generated by the subsets GB for all B in B. The choice of this convention is
motivated by the proof of Lemma 3.30 below.
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1. coarse invariance
2. excision
3. vanishing on flasques
4. u-continuity.
Proof. We use that the functor YoWG(H) (see (3.2)) has these properties.
1. coarse invariance: In WG(H)BornCoarse the morphism ({0, 1} ⊗ X)H → XH is
isomorphic to the morphism {0, 1} ⊗ XH → XH , and YoWG(H) sends the latter to
an equivalence.
2. excision: If (Z,Y) is a complementary pair on X , then (ZH ,YH) is a complementary
pair on XH , where YH is defined by member wise application of (−)H . If we apply
(−)H to the square
Z ∩ Y //

Y

Z // X
,
then we get the square
ZH ∩ YH //

YH

ZH // XH
.
The functor YoWG(H) sends this square to a push-out square.
3. flasques: If f : X → X implements flasqueness of X , then fH : XH → XH
implements flasqueness of XH . Here it is important to know that the completion
functorX 7→ BGX preserves flasqueness by definition. It follows that YoWG(H)(∅)→
YoWG(H)(X
H) is an equivalence.
4. u-continuity: Let X be a G-bornological coarse space. Then we have
colimU∈CG
X
YoWG(H)((XU)
H)
!
≃ colimU∈CG
X
colimV ∈CG
XU
YoWG(H)((X
H)V ∩(XH×XH ))
!!
≃ colimU∈CG
X
YoWG(H)((X
H)U∩(XH×XH ))
!
≃ YoWG(H)(X
H) ,
where we use u-continuity of YoWG(H) at the equivalences marked by ! and a cofinality
consideration at !!.
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By the universal property of the functor YoG : GBornCoarse→ GSpcX the composition
YoWG(H) ◦ (−)
H has an essentially unique colimit-preserving factorization IH through
YoG:
GBornCoarse
YoWG(H)◦(−)
H
))❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙
YoG

GSpcX I
H
//WG(H)SpcX
.
Definition 3.2. We call IH : GSpcX → WG(H)SpcX the motivic H-fixed point functor.
So if X is in GSpcX , then we can talk about its H-fixed points IH(X) as an object of
WG(H)SpcX .
Example 3.3. The formation of fixed points is compatible with the cone functor [BEKW17,
Section 9.4]
O : GUBC→ GBornCoarse
from G-uniform bornological coarse spaces to G-bornological coarse spaces. Let A be a
G-uniform bornological coarse space. Then the set of H-fixed points AH has a WG(H)-
uniform bornological coarse structure, where the bornology is again generated by the
subsets GB ∩AH for all bounded subsets of A.
Lemma 3.4. We have an equivalence O(A)H ≃ O(AH) in WG(H)BornCoarse.
Proof. We have O(A) := ([0,∞)⊗A)h, were h stands for the hybrid structure associated
to the family of subsets ([0, r]× A)r∈R and the uniform structure [BEKW17, Section 9.1,
9.2].
We have a WG(H)-equivariant bijection of sets ([0,∞)×A)H ∼= [0,∞)×AH. So we must
check that it is an isomorphism of WG(H)-bornological coarse spaces. The bornology on
the right-hand side is generated by the sets L × (GB ∩ AH) for bounded subsets L of
[0,∞) and B of A. We have a bijection L × (GB ∩ AH) = (L × GB) ∩ ([0,∞) × A)H .
This shows that these sets also generate to bornology of ([0,∞)× A)H .
Let U be an invariant entourage of ([0,∞) ⊗ A)h. Then we get an entourage U ′ of
([0,∞)⊗A)Hh by restriction. It corresponds to an entourage of ([0,∞)⊗A
H)h, and these
entourages generate the hybrid structure. We get an isomorphism of WG(H)-bornological
coarse spaces
([0,∞)⊗ A)Hh
∼= ([0,∞)⊗ AH)h .

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3.3 The motivic orbit functor
In this section we refine the construction of the motivic fixed point functor Definition 3.2
so that we take its dependence on the subgroup H into account properly.
Recall that GOrb denotes the full subcategory of the category GSet of transitive G-sets
and equivariant maps. Let X be a G-set. For every S in GOrb we consider the set
X(S) := HomGSet(S,X) . (3.6)
For every point s in S the evaluation es : X
(S) → X provides a bijection between the set
X(S) and the subset XGs of X , where Gs denotes the stabilizer of s in G.
We now assume thatX is a G-bornological coarse space. We equip X(S) with the bornolog-
ical coarse structure induced by es : X
(S) → BGX . This structure does not depend on
the choice of the point s in S. From now on X(S) denotes the bornological coarse space
just described.
We consider a morphism φ : S → T in GOrb. It induces a map φ∗ : HomGSet(T,X) →
HomGSet(S,X), i.e., a map between the underlying sets of X
(T ) and X(S).
Lemma 3.5. The map φ∗ : X(T ) → X(S) is a morphism of bornological coarse spaces.
Proof. We fix a point s in S and let t := φ(s). Note that Gs is a subgroup of Gt. We get
the diagram of sets
X(T )
et
//
φ∗

XGt

// BGX
X(S)
es
// XGs // BGX
.
Since the subsets XGt and XGs have the induced structures from BGX the middle vertical
map is a morphism of bornological coarse spaces. Since et and es are isomorphisms of
bornological coarse spaces by definition, also φ∗ is a morphism of bornological coarse
spaces.
For every G-bornological coarse space X we have just defined a functor
Yˆ (X) : GOrbop → BornCoarse , S 7→ X(S)
This construction is also functorial in X and gives a functor
Yˆ : GBornCoarse→ Fun(GOrbop,BornCoarse) .
Let Yo : BornCoarse → SpcX be the functor (3.1) which sends a bornological coarse
space to its motive.
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Lemma 3.6. The composition
Y˜ : GBornCoarse
Yˆ
−→ Fun(GOrbop,BornCoarse)
Yo
−→ Fun(GOrbop,SpcX ) (3.7)
satisfies
1. coarse invariance
2. excision
3. vanishing on flasques
4. u-continuity.
Proof. The proof is completely analogous to the proof of Lemma 3.1.
Remark 3.7. We use the same notation Y˜ as in (2.7) since the functor (3.7) just described
is the bornological coarse analogue of the functor there. ♠
By the universal property of the functor YoG : GBornCoarse→ GSpcX the functor Y˜
has an essentially unique colimit-preserving factorization Y
GBornCoarse
Y˜
**❯
❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
YoG

GSpcX Y // Fun(GOrbop,SpcX )
through YoG
Definition 3.8. We call Y : GSpcX → Fun(GOrbop,SpcX ) the motivic orbit functor.
Remark 3.9. By Elmendorf’s theorem the topological analog of Y is the equivalence
(2.8). In the case of bornological coarse spaces we do not know an analogue of Elmendorf’s
theorem, i.e., we do not know whether Y is an equivalence. ♠
Remark 3.10. The categories GSpcX , SpcX and Fun(GOrbop,SpcX ) are presentable.
By construction the functor
Y : GSpcX → Fun(GOrbop,SpcX )
preserves all colimits. It is therefore a part of an adjunction
Y : GSpcX ⇆ Fun(GOrbop,SpcX ) : Z .
♠
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3.4 Bredon-style equivariant coarse homology theories
In this section we introduce a construction of equivariant coarse homology theories from
diagrams of (non-equivariant) coarse homology theories indexed by the orbit category.
These equivariant coarse homology theories are called Bredon-style equivariant coarse
homology theories (Definition 3.17).
Remark 3.11. Assume that C is a cocomplete stable ∞-category. As a consequence of
Elmendorf’s theorem in equivariant topology a C-valued equivariant homology theory is
the same as a colimit-preserving functor EG : PSh(GOrb) → C (see also Remark 2.14).
In view of the equivalence (2.1) a C-valued equivariant homology theory is essentially
uniquely determined by a functor
E : GOrb→ C .
Its evaluation on a presheaf X in PSh(GOrb) can be expressed in terms of a coend
formula (2.2).
In order to highlight the similarity with the constructions below we use the universal
property of the ∞-category of spaces Spc in order to get the equivalence
C ≃ Funcolim(Spc,C)
induced by the evaluation on the point [Lur09, Thm. 5.1.5.6]. We interpret the functor
E as a functor
E : GOrb→ Funcolim(Spc,C) .
If X is in PSh(GOrb), then we form the functor
E ◦X : GOrb×GOrbop → C , (S, T ) := E(S)(X(T )) .
The following is just another way to express (2.2)
EG(X) ≃
∫ GOrb
E ◦X . (3.8)
In the bornological coarse case below we just replace Spc by SpcX . ♠
Let C be a cocomplete stable ∞-category. By the universal property of the functor
Yo : BornCoarse→ SpcX (see (3.1)) pull-back along Yo induces an equivalence between
the ∞-categories Funcolim(SpcX ,C) and of C-valued coarse homology theories.
We consider a functor
E : GOrb→ Funcolim(SpcX ,C) .
If X is in Fun(GOrbop,SpcX ), then we can form the functor
E ◦X : GOrb×GOrbop → C , (S, T ) 7→ E(S)(X(T )) .
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Remark 3.12. Sometimes it is useful to rewrite the functor E ◦ X described above as
follows. Let y : SpcX → PSh(SpcX ) be the Yoneda embedding. For C in C and A in
Funcolim(SpcX ,C) we can consider the object MapC(A,C) in PSh(SpcX ) which sends
Y in SpcX to the space MapC(A(Y ), C). Then for E : GOrb → Fun
colim(SpcX ,C), X
in Fun(GOrbop,SpcX ), and S, T in GOrb, we have
MapC((E ◦X)(S, T ), C) ≃ MapC(E(S)(X(T )), C) (3.9)
≃ MapC(E(S), C)(X(T ))
≃ MapPSh(SpcX )(y(X(T )), MapC(E(S), C))
♠
The following is the bornological coarse analog of the equivalence (3.8). We consider a
functor E : GOrb→ Funcolim(SpcX ,C) and an object X in Fun(GOrbop,SpcX ).
Definition 3.13. We define
EG(X) :=
∫ GOrb
E ◦X .
Note that the construction is functorial in E and X .
Recall the motivic orbit functor Y : GSpcX → Fun(GOrbop,SpcX ) defined in Definition
3.8. We consider a functor E : GOrb→ Funcolim(SpcX ,C).
Lemma 3.14. The functor
EG ◦ Y : GSpcX → C
preserves colimits.
Proof. We note that Y preserves colimits by construction. Since E(S) preserves colimits
for every S in GOrb the functor X 7→ E ◦ Y (X) preserves colimits. Finally, forming the
coend preserves colimits.
Lemma 3.14 has the following immediate corollary:
Corollary 3.15. The functor
EG ◦ Y˜ ≃ EG ◦ Y ◦YoG : GBornCoarse→ C
is a C-valued equivariant coarse homology theory.
Usually we will shorten the notation and write EG(X) instead of EG(Y (YoG(X))) for X
in GBornCoarse.
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Remark 3.16. Since we do not know (and expect) that
Y : GSpcX → Fun(GOrbop,SpcX )
is an equivalence (see Remark 3.9) we do not know (in contrast to the topological case,
see Remark 3.11) whether all C-valued equivariant coarse homology theories are of the
form EG for some functor
E : GOrb→ Funcolim(SpcX ,C) .
♠
Definition 3.17. We call the equivariant coarse homology theories of the form EG (see
Definition 3.13) for E : GOrb → Funcolim(SpcX ,C) Bredon-style equivariant coarse
homology theories.
Example 3.18. Let F : SpcX → C be a colimit-preserving functor (corresponding to
non-equivariant coarse homology theory F ◦ Yo). Then we can consider the constant
functor
F : GOrb→ Funcolim(SpcX ,C) .
Note that G is an object of GOrb whose endomorphisms can be identified with the
opposite Gop of G whose elements act by right-multiplication. In other words, the object
G provides an inclusion of categories BG→ GOrbop. For X in Fun(GOrbop,SpcX ) we
therefore get the object F (X|BG) in Fun(BG,C).
Lemma 3.19. For X in Fun(GOrbop,SpcX ) we have
FG(X) ≃ colimBG F (X|BG) .
Proof. The functor F ◦X : GOrb× GOrbop → C is constant in the first argument and
therefore factorizes over the functor
F ◦X : GOrbop → C .
We now use that BG→ GOrbop is cofinal. This implies
∫ GOrb
F ◦X ≃ colimGOrbop(F ◦X) ≃ colimBG F (X|BG) .

Example 3.20. Let ρ : H → G be a homomorphism of groups. It induces an induction
functor
Indρ : HOrb→ GOrb , S 7→ G×H S .
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We write ρ∗ for the pull-back of functors along Indρ. Since Fun(SpcX ,C) is cocomplete
we have an adjunction
ρ! : Fun(HOrb,Fun(SpcX ,C))⇆ Fun(GOrb,Fun(SpcX ,C)) : ρ
∗ .
For a complete∞-categoryD (we will apply this forD = Spc) we also have an adjunction
ρ∗ : Fun(HOrbop,D)⇆ Fun(GOrbop,D) : ρ∗ .
For E in Fun(HOrb,C) and C in C we have a canonical equivalence
MapC(ρ!E,C) ≃ ρ∗MapC(E,C) . (3.10)
in PSh(GOrb). We further note that ρ! restricts to a functor
ρ! : Fun(HOrb,Fun
colim(SpcX ,C))→ Fun(GOrb,Funcolim(SpcX ,C)) .
We consider F in Fun(HOrb,Funcolim(SpcX ,C)) and get
ρ!F : GOrb→ Fun
colim(SpcX ,C) .
Lemma 3.21. For X in Fun(GOrbop,SpcX ) we have
(ρ!F )
G(X) ≃ FH(ρ∗X) .
Proof. We have the following chain of equivalences which are natural in C in C.
MapC((ρ!F )
G(X), C) ≃ MapC(
∫ GOrb
ρ!F ◦X,C)
≃
∫
GOrb
MapC(ρ!F ◦X,C)
(3.9)
≃
∫
GOrb
MapPSh(SpcX )(y(X), MapC(ρ!F,C))
≃ MapFun(GOrbop,PSh(SpcX )(y(X), MapC(ρ!F,C)))
(3.10)
≃ MapFun(GOrbop,PSh(SpcX )(y(X), ρ∗MapC(F,C)))
≃ MapFun(HOrbop,PSh(SpcX )(ρ
∗y(X), MapC(F,C)))
≃
∫
HOrb
MapPSh(SpcX ))(ρ
∗y(X), MapC(F,C)))
(3.9)
≃
∫
HOrb
MapC(F ◦ ρ
∗X,C)
≃ MapC(
∫ HOrb
F ◦ ρ∗X,C)
≃ MapC(F
H(ρ∗X), C) .
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Example 3.22. Let F be a conjugation invariant set of subgroups of G and C be a
cocomplete ∞-category. Then we have the induction functor
IndF : Fun(GFOrb,Fun
colim(SpcX ,C))→ Fun(GOrb,Funcolim(SpcX ,C)) .
Let now E : GOrb→ Funcolim(SpcX ,C) be some functor. Then we define
EF := IndFResFE : GOrb→ Fun
colim(SpcX ,C) .
The counit of the adjunction (IndF ,ResF ) gives a natural transformation
EF → E . (3.11)
Definition 3.23. For X in Fun(GOrbop,SpcX ) the morphism
αE,F ,X : E
G
F (X)→ E
G(X)
induced by (3.11) is called the assembly map.
Remark 3.24. The assembly map defined in 3.23 is the bornological-coarse analog of the
assembly map considered in the study of isomorphism conjectures like the Baum-Connes
or Farell-Jones conjecture. ♠
One can ask under which conditions on F , X , and E the assembly map is an equivalence.
For example, if X ≃ IndFResFX , then αE,F ,X is an equivalence. 
Example 3.25. We consider a colimit-preserving functor F : SpcX → C (corresponding
to a non-equivariant coarse homology theory F ◦ Yo). Then we form the functor
F : GOrb→ Funcolim(SpcX ,C) , F (S)(X) := S ⊗ F (X) .
Here on the right-hand side we consider S just as a set and forget the action of G.
Let X be in Fun(GOrbop,SpcX ).
Lemma 3.26. We have
FG(X) ≃ F (X(G)) .
Proof. The functor GOrb → Set sending a transitive G-set to its underlying set is
corepresented by the object G, i.e, we have an equivalence
cy(G)(S) := HomGOrb(G, S) ≃ S ,
where cy is the co-Yoneda embedding. It follows from the co-Yoneda formula for the
coend that
FG(X) ≃
∫ GOrb
cy(G)(−)⊗ F (X(−))
≃ F (X(G)) .

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3.5 Associated Bredon-style homology theories
Recall (Remark 3.16) that we do not expect that every equivariant coarse homology theory
is of Bredon-style (Definition 3.17). In the present section we associate to every equivariant
coarse homology theory E an approximation EBredon → E by a Bredon-style equivariant
coarse homology theory. Then we investigate the question under which conditions on E
and X in GBornCoarse the transformation
EBredon(X)→ E(X)
is an equivalence, and we will provide examples where it is not.
We consider the composition
GSet×GBornCoarse
(−)min,max⊗−
−−−−−−−−→ GBornCoarse
YoG−−→ GSpcX (3.12)
which sends (S,X) in GSet×GBornCoarse to YoG(Smin,max ⊗X) in GSpcX .
Lemma 3.27. We have an essentially unique factorization
GSet×GBornCoarse
id×YoG

(3.12)
// GSpcX
GSet×GSpcX
(S,X)7→Smin,max⊗X
55❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦
which preserves colimits in its second argument.
Proof. We observe that for fixed S in GSet the functor
Smin,max ⊗− : GBornCoarse→ GSpcX
satisfies:
1. coarse invariance
2. excision
3. vanishing on flasques.
4. u-continuity.
Then the factorization exists and is essentially unique by the universal property of the
functor YoG : GBornCoarse→ GSpcX .
1. coarse invariance: The projection
Smin,max ⊗ ({0, 1}max,max ⊗X)→ Smin,max ⊗X
is isomorphic to
{0, 1}max,max ⊗ (Smin,max ⊗X)→ Smin,max ⊗X .
The latter is sent to an equivalence by YoG.
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2. excision: If (Y , Z) is a complementary pair, then (Smin,max ⊗ Y , Smin,max ⊗ Z) is a
complementary pair on Smin,max ⊗ X . The image of the excision square for (Y , Z)
under Smin,max ⊗− is the excision square for (Smin,max ⊗Y , Smin,max ⊗ Z) which is
sent to a push-out square by YoG.
3. vanishing on flasques: If f : X → X implements flasqueness, then
idSmin,max ⊗ f : Smin,max ⊗X → Smin,max ⊗X
implements flasqueness of Smin,max ⊗X .
4. u-continuity: We have an isomorphism of G-bornological coarse spaces
Smin,max ⊗XU ≃ (Smin,max ⊗X)diagS×U .
This implies u-continuity.
Let C be a cocomplete stable ∞-category and consider E in Funcolim(GSpcX ,C) (corre-
sponding to an equivariant C-valued coarse homology theory E ◦ YoG).
Definition 3.28. We define the functor
E : GOrb→ Funcolim(SpcX ,C) , E(S)(X) := E(Smin,max ⊗X) . (3.13)
Furthermore we let EG in Fun(Fun(GOrbop,SpcX ),C) denote the result of the applica-
tion of Definition 3.13 to E.
Recall the Definition 3.8 of the motivic orbit functor Y : GSpcX → Fun(GOrbop,SpcX ).
Definition 3.29. We call EBredon := EG◦Y the Bredon-style equivariant coarse homology
theory associated to E.
The name equivariant coarse homology theory is justified by Corollary 3.15.
Recall the notation X(S) for the bornological coarse space given by the set HomGSet(S,X)
(see (3.6)) with the structures described in Subsection 3.3. For X in GBornCoarse and
S in GOrb we consider the evaluation map
eS : Smin,max ⊗X
(S) → X . (3.14)
Lemma 3.30. The map eS is a morphism of G-bornological coarse spaces.
Proof. The map eS is G-equivariant. Let U be a G-invariant entourage of X and US be
the induced entourage on X(S) via the evaluation at s0 in S. Then
eS(diagS × US) =
⋃
g∈G
ges0(US) .
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Since U was invariant and es0(US) ⊆ U we have eS(diagS × US) ⊆ U . This shows that
eS is a coarse map.
Let B be a bounded subset of X . Then
e−1S (B) =
⋃
s∈S
{s} × e−1s (B) .
Now note that e−1s (B) ⊆ e
−1
s0 (GB) for every s in S, and this subset is bounded in X
(S)
by definition of the bornology. It is at this point where we employ the definition of the
bornology of X(S) as induced by the G-completion of X . Hence we have
e−1S (B) ⊆ S × e
−1
s0 (GB) .
Consequently, e−1S (B) is bounded since S is bounded in Smin,max.
For a fixed S in GOrb the map eS is a transformation between functors
eS : Smin,max ⊗ (−)
(S) → idGBornCoarse : GBornCoarse→ GBornCoarse ,
and it extends to motives
eS : Smin,max ⊗ (−)
(S) → idGSpcX : GSpcX → GSpcX .
Let X be in GSpcX and note that X(S) ≃ Y (X)(S) by definition of Y (Definition 3.8).
The collection of morphisms
eS : Smin,max ⊗X
(S) → X
for all S in GOrb induces, by the universal property of the colimit defining the coend
(2.3), a morphism
eG :
∫ S∈GOrb
Smin,max ⊗ Y (X)(S)→ X .
Since the functors E and Y preserve colimits we get an induced transformation
βE,X := E(e
G) : EBredon(X)→ E(X) (3.15)
which will be called the comparison map. We study the following problem.
Problem 3.31. Under which conditions on X or E the transformation (3.15) is an
equivalence.
Let C be a cocomplete stable ∞-category and E : GBornCoarse → C let be an equiv-
ariant coarse homology theory. Let X be a G-bornological coarse space and W be a set.
Then the set of inclusions iw : X → Wmin,max ⊗ X for all elements w in W induce a
morphism
iW : W ⊗E(X)→ E(Wmin,max ⊗X) . (3.16)
Note that ⊗ on the left-hand side is the tensor structure of C over spaces (and hence
sets), and ⊗ on the right-hand side is the tensor product in GBornCoarse.
28
Definition 3.32. We call E hyperexcisive if for every set W and every bounded X in
GBornCoarse the morphism (3.16) is an equivalence.
Remark 3.33. If W is finite, then the equivalence (3.16) follows from the excisiveness
of E. So hyperexcisiveness is a strengthening of excisiveness for certain infinite disjoint
decompositions. ♠
Definition 3.34. We let GSpXbd denote the full stable subcategory of GSpX generated
under colimits by the objects YosG(X) for bounded G-bornological coarse spaces X.
Since the functorW⊗− : C→ C preserves colimits and E can be considered as an object
of Funcolim(GSpcX ,C) we get:
Corollary 3.35. If E is hyperexcisive, then for every setW and X in GSpXbd the natural
morphism W ⊗ E(X)→ E(Wmin,max ⊗X) is an equivalence.
Note that in the statement above we use the equivalence (3.4) in order to evaluate E on
a equivariant coarse motivic spectrum in GSpX .
Example 3.36. Here is our typical example of a hyperexcisive equivariant coarse homol-
ogy theory. Assume that
F : GBornCoarse→ C
is an equivariant coarse homology theory and form the twist
E := FGcan,min
defined by E(X) := F (X ⊗Gcan,min), where Gcan,min is the canonical bornological coarse
space associated to the group G [BEKW17, Example 2.4].
Recall the definition [BEKW17, Definition 5.15] of the property of continuity of a functor
GBornCoarse→ C.
Lemma 3.37. If F is continuous, then E is hyperexcisive.
Proof. Assume that L is an invariant locally finite subset of Wmin,max⊗X⊗Gcan,min. We
claim that the image of the projection L→W is finite. We have an equality
L = G(L ∩ (W ×X × {e})) .
Hence the image of L→W is the same as the image of L ∩ (W ×X × {e})→W . Since
W ×X × {e} is a bounded subset of Wmin,max ×X × Gcan,min this intersection is finite,
and so is its image in W .
Let F (W ) be the poset of finite subsets of W . Then (R × X × G)R∈F (W ) is a trapping
exhaustion ([BEKW17, Definition 5.6]) of Wmin,max ⊗ X ⊗ Gcan,min. We therefore have
an equivalence
E(Wmin,max ⊗X) ≃ F (Wmin,max ⊗X ⊗Gcan,min)
!!
≃ colimR∈F (W ) F (Rmin,max ⊗X ⊗Gcan,min)
!
≃ colimR∈F (W )R⊗ F (X ⊗Gcan,min)
≃ W ⊗ E(X) ,
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where we use excision at the marked equivalence and continuity of F at !!.
We can generalize the argument for Lemma 3.37 to the case where the bornological coarse
space Wmin,max for a set W is replaced by an arbitrary bounded bornological coarse space
Z. Let π0(Z) denote the set of coarse components of Z (see [BE16, Definition 2.28]).
The argument of the proof of Lemma 3.37 together with Corollary 3.35 then shows for
E = FGcan,min :
Lemma 3.38. Assume:
1. F is continuous.
2. X belongs to GSpbd.
3. Z is a bounded bornological coarse space.
Then we have a natural equivalence
E(Z ⊗X) ≃ π0(Z)⊗E(X) . (3.17)

LetC be a cocomplete stable∞-category and E be in Funcolim(GSpcX ,C). Then EBredon
is again in Funcolim(GSpcX ,C). We use the equivalence (3.4) in order to evaluate E and
EBredon on objects of GSpX . Consider objects T in GOrb and X in SpX .
Lemma 3.39. Assume one of:
1. G is finite
2. E is hyperexcisive and X ∈ SpXbd.
Then the comparison map
βE,Tmin,max⊗X : E
Bredon(Tmin,max ⊗X)
≃
→ E(Tmin,max ⊗X)
is an equivalence.
Proof. If G is finite, then for S,R in GOrb by excision (used at !) we have the equivalence
E(Smin,max ⊗ Y (Tmin,max ⊗X)(R)) ≃ E(Smin,max ⊗ HomGOrb(R, T )min,max ⊗X)
!
≃ HomGOrb(R, T )⊗ E(Smin,max ⊗X) .
Alternatively we can obtain the same equivalence ! if we assume that E is hyperexcisive
and X is bounded since then also Smin,max ⊗X belongs to GSpXbd.
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We now use the Yoneda formula and y(T )(−) ∼= HomGOrb(−, T ) in order to get
EBredon(Tmin,max ⊗X) ≃
∫ GOrb
E((−)min,max ⊗ Y (Tmin,max ⊗X)(−))
≃
∫ GOrb
y(T )(−)⊗ E((−)min,max ⊗X)
≃ E(Tmin,max ⊗X) .
We consider a cocomplete stable∞-categoryC and a functor E : GOrb→ Funcolim(SpcX ,C).
Lemma 3.40.
1. If G is finite, then we have an equivalence
EG ◦ Y ≃ E . (3.18)
2. If E takes values in continuous C-valued coarse homology theories and X belongs
to SpcXbd, then we have an equivalence
EG ◦ Y (T )(X) ≃ E(T )(X) (3.19)
for all T in GOrb.
Proof. Note that by Lemma 3.37, applied to the case of a trivial group G, a continuous
coarse homology theory is hyperexcisive. For T in GOrb and X in SpcX we calculate
(EG ◦ Y )(T )(X) ≃ EG(Y (Tmin,max ⊗X))
≃
∫ S∈GOrb
E(S)((Tmin,max ⊗X)
(S))
≃
∫ S∈GOrb
E(S)(HomGOrb(S, T )min,max ⊗X)
!
≃
∫ S∈GOrb
y(T )(S)⊗E(S)(X)
≃ E(T )(X) ,
where at the marked equivalence we either used that HomGOrb(S, T ) is finite for finite G
or hyperexcisiveness of E(S) and boundedness of X .
Let C a cocomplete stable ∞-category and E be in Funcolim(GSpcX ,C). The following
is an immediate consequence of Lemma 3.40 and Definition 3.29.
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Corollary 3.41. Assume that G is finite. Then the comparison map
βEBredon : (E
Bredon)Bredon ≃ EBredon
is an equivalence, i.e., EBredon coincides with its associated Bredon-style equivariant coarse
homology theory.
Proof. The comparison map is equivalent to
(EBredon)Bredon
Def.3.29
≃ (EG ◦ Y )
G
◦ Y
(3.18)
≃ EG ◦ Y
Def.3.29
≃ EBredon .
Definition 3.42. We let
GSpX〈GOrb⊗ SpX〉
be the full stable subcategory of GSpX generated under colimits by the motives Smin,max⊗X
for S in GOrb and X in SpX .
Let C be a cocomplete stable∞-category, let E be in Funcolim(GSpcX ,C), and consider
X in GSpX . The following is an immediate consequence of Lemma 3.39.
Corollary 3.43. Assume:
1. G is finite.
2. X belongs to GSpX〈GOrb⊗ SpX〉.
Then the comparison map
βE,X : E
Bredon(X)→ E(X)
is an equivalence.
Proof. Here we use that the domain and the codomain of the comparison map pre-
serve colimits and that the comparison map is an equivalence for the generators of
GSpX〈GOrb⊗ SpX〉 by Lemma 3.39.
Example 3.44. Let G be a group. Then for S in GOrb we have
Y (Gcan,min)(S) ≃
{
∅ S 6∼= G
Gtrivcan,max S
∼= G
, (3.20)
where the superscript triv indicates that Gcan,max is considered as a G-bornological coarse
spaces with the trivial G-action. Note that G ∼= EndGOrb(G) such that g in G acts on the
orbit G by h 7→ hg−1. By functoriality, the group Gop acts on Y (Gcan,min)(G). Under the
identification above the action of g in Gop on Gtrivcan,max is given by h 7→ g
−1h.
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The full subcategory of Tw(GOrb)op of objects T → S with S ∼= G is equivalent to BG
via the functor which sends the unique object ∗ of BG to G
idG→ G, and h in G ∼= EndBG(∗)
to the square
G
idG
//
g 7→gh

G
G
idG
// G
g 7→gh−1
OO
(the dotted arrows are arrows in GOrbop, and the arrow in Tw(GOrb)op points down-
wards.) If E is an equivariant coarse homology theory, then we get
EBredon(Gcan,min) ≃ colim(T→S)∈Tw(GOrb)op E(Tmin,max ⊗ Y (Gcan,min)(S))
≃ colimBGE(Gmin,max ⊗G
triv
can,max) ,
where theG-action (involved in the colimit) onGmin,max⊗Gtrivcan,max is given by (g, (h, h
′)) 7→
(hg−1, gh).
The identity map of the underlying sets
Gmin,max ⊗G
triv
can,max → Gmin,max ⊗G
triv
max,max
is a continuous equivalence [BEKW17, Def. 3.20], i.e. it induces an equivalence in every
continuous equivariant coarse homology theory. Furthermore, the projection
Gmin,max ⊗G
triv
max,max → Gmin,max
is a coarse equivalence compatible with the additional G-action given by (g, h) 7→ hg−1
on the target.
If E is continuous, then the composition of these two maps induces the equivalence
colimBGE(Gmin,max ⊗G
triv
can,max)
≃
→ colimBGE(Gmin,max) .
Hence, assuming that E is continuous, we have an equivalence
EBredon(Gcan,min) ≃ colimBGE(Gmin,max) . (3.21)
Under these assumptions, the comparison map has the form
βE,Gcan,min : colimBGE(Gmin,max)→ E(Gcan,min) . (3.22)

Example 3.45. We consider the equivariant coarse algebraicK-theoryKCXG [BEKW17,
Def. 8.8] associated to the additive category of finite-dimensional complex vector spaces.
By [BEKW17, Prop. 8.17] it is continuous.
By [BEKW17, Def. 8.25] we have an equivalence
KCXG(Gcan,min) ≃ K(C[G]) . (3.23)
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We now assume that G is finite. Then, using [BEKW17, Lem. 8.20] and the fact that
Gmin,max = Gmin,min for the second equivalence, we have
KCXG,Bredon(Gcan,min)
(3.21)
≃ colimBGKCX
G(Gmin,max) ≃ colimBGKC ≃ KC⊗BG
(3.24)
For the last equivalence we observe by inspection of the calculation in [BEKW17, Lem.
8.20] that the induced G-action on KC is trivial.
We now note that KC is connective, π0(KC) ∼= Z, and hence
π0(KCX
G,Bredon(Gcan,min)) ∼= π0(KC⊗ BG) ∼= Z .
On the other hand, for a finite groupG the group ring C[G] is Morita equivalent to the ring∏
GˆC, where Gˆ is the set of isomorphism classes of irreducible complex representations
of G. Therefore K(C[G]) ≃
∏
GˆKC, and hence
π0(KCX
G(Gcan,min)) ∼= π0(K(C[G])) ∼= π0(
∏
Gˆ
KC) ∼= Z|Gˆ| .
By comparing the ranks of these homotopy groups we can conclude that the comparison
map βKCXG,Gcan,min is never an isomorphism provided G is non-trivial. 
Corollary 3.46. If G is finite and non-trivial, then the inclusion
GSpX〈GOrb⊗ SpX〉 → GSpX
is proper. In particular, (the motive of) Gcan,min does not belong to the image.
Proof. If, by contradiction, Gcan,min belonged to GSpX〈GOrb ⊗ SpX〉, then the com-
parison map βE,Gcan,min would be an equivalence for every equivariant coarse homology
theory E by Cor. 3.43 which contradicts the result of the calculation in Example 3.45 for
E = KCXG.
In order to formulate the analogue of Corollaries 3.41 and 3.43 for infinite groups we
introduce the following version of Definition 3.42.
Definition 3.47. We let
GSpX〈GOrb⊗ SpXbd〉
be the full stable subcategory of GSpX generated under colimits by the motives Smin,max⊗X
for S in GOrb and X in SpXbd.
Let C a cocomplete stable ∞-category, let E be in Funcolim(GSpcX ,C), and consider X
in GSpX .
Corollary 3.48. Assume:
1. E is hyperexcisive.
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2. X belongs to GSpX〈GOrb⊗ SpXbd〉.
Then the comparison map
βE,X : E
Bredon(X)→ E(X)
is an equivalence.
Proof. The argument is the same as for Corollary 3.43.
Remark 3.49. The cone functor [BEKW17, Definition 10.10]4, [BEKW18, Def. 8.16]
induces an equivariant homology theory
O∞hlg : GTop→ GSpX
essentially uniquely characterized by the natural equivalences
O∞hlg(S) ≃ ΣYo
s
G(Smin,max)
for all S in GOrb. The following Lemma shows that the subcategory GSpX〈GOrb ⊗
SpXbd〉 is sufficiently rich to be interesting.
Lemma 3.50. IfW is a G-CW complex, then O∞hlg(W ) belongs to GSpX〈GOrb⊗SpXbd〉.
Proof. Let S be in GOrb. We equip S with the discrete uniform structure. Then we
consider S as a G-uniform bornological coarse space with the maximal bornology and
coarse structure. We now use that a G-CW-complex can be presented as a homotopy
colimit of a diagram consisting of spaces of the form S and that O∞hlg preserves this
homotopy colimit.
If G is finite (or E is hyperexcisive, respectively), then Corollary 3.43 (or Corollary 3.48,
respectively) applies to O∞hlg(A) in place of X for A a G-CW complex. ♠
We now consider some examples showing that the EBredon → E is far from being an
equivalence in general.
Corollary 3.51. Assume
1. G is infinite.
2. E is continuous.
Then EBredon(Gcan,min) ≃ 0.
Proof. If G is infinite, then Gmin,max does not admit non-empty G-invariant locally finite
subsets. By continuity of E we get E(Gmin,max) ≃ 0 and hence EBredon(Gcan,min) ≃ 0 by
(3.21).
4But note [BEKW18, Rem. 8.17].
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The comparison map βE,Gcan,min is induced by the evaluation map (3.14) which under the
identification (3.20) (applied to the second tensor factor of the domain) is given by the
map
Gmin,max ⊗G
triv
can,max → Gcan,min , (h, h
′) 7→ hh′ .
Note that this map is compatible with the additionalG-action on the domain by (g, (h, h′))→
(hg−1, gh). It induces a map
E(Gmin,max ⊗G
triv
can,max)→ E(Gcan,min)
which descends to
βE,Gcan,min : colimBG E(Gmin,max ⊗G
triv
can,max)→ E(Gcan,min) .
In general we do not know how to calculate E(Gcan,min), but for abelian groups G we can
go further. The main point is the existence of the vertical maps in (3.25) below which for
abelian groups are morphisms of G-bornological coarse spaces.
For simplicity we specialize to the case G = Z. Recall that a morphism f in a cocomplete
stable ∞-category a is called a phantom morphism if f ◦ φ ≃ 0 for all morphisms φ with
compact domain.
Lemma 3.52. Assume:
1. G = Z.
2. E = FGcan,min for a continuous equivariant coarse homology theory F .
Then
1. E(Gcan,min) ≃ ΣE(∗).
2. The comparison map βE,Gcan,min : E
Bredon(Gcan,min) → E(Gcan,min) is a phantom
map.
Proof. We have a commuting diagram in GBornCoarse
Gcan,min ⊗Gmin,max ⊗Gtrivcan,max
(k,h,h′)7→(k,hh′)
//
∼= (k,h,h′)7→(k,k−1h,h′)

Gcan,min ⊗Gcan,min
∼= (k,h)7→(k,k−1h)

Gcan,min ⊗Gtrivmin,max ⊗G
triv
can,max
(k,h,h′)7→(k,hh′)
// Gcan,min ⊗Gtrivcan,min
. (3.25)
For every G-bornological coarse space X and equivariant coarse homology theory E we
have an equivalence
E(X ⊗ Ztrivcan,min) ≃ ΣE(X) .
The right vertical isomorphism in (3.25) now provides the first equivalence in
E(Gcan,min) ≃ E(G
triv
can,min) ≃ ΣE(∗)
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proving 1.
Since F is continuous and in view of (3.25) the comparison map βE,Gcan,min is equivalent
to the map
colimBG colimL F (L)→ E(G
triv
can,min) ,
where L runs over the poset of invariant locally finite subsets of Gcan,min ⊗ Gtrivmin,max ⊗
Gtrivcan,max.
Let L be a locally finite invariant subset ofGcan,min⊗Gtrivmin,max⊗G
triv
can,max. Then L = G×L0
for some finite subset L0 of G
triv
min,max⊗G
triv
can,max. Hence the comparison map is equivalent
to
colimBG colimL0 E(L0)→ E(G
triv
can,min) ,
where now L0 runs over the poset of finite subsets of G
triv
min,max ⊗G
triv
can,max.
Recall that Gtrivmin,max⊗G
triv
can,max has an additional G-action by g(h, h
′) := (hg−1, gh′). We
let F denote the poset of G-invariant subsets of the form GL0 for finite subsets L0 as
above.
We can now rewrite by a cofinality argument the domain of the comparison map as
colimBG colimL0 E(L0) ≃ colimBG colimQ∈F colimL0⊆QE(L0)
≃ colimQ∈F colimBG colimL0⊆QE(L0) .
The multiplication map Gtrivmin,max⊗G
triv
can,max → G
triv
can,min sends Q in F to a finite subset of
Gtrivcan,min. This finite subset is contained in some flasque subspace R := [n,∞) of G
triv
can,min
for some sufficiently small n in Z. For fixed Q the canonical morphism therefore has a
factorization
colimBG colimL0⊆QE(L0)→ colimBGE(R)→ E(G
triv
can,min)
and hence vanishes. The comparison map itself is then a filtered colimit over Q in F of
zero maps and hence a phantom map. This finishes the proof of 2.
Corollary 3.53. If G = Z, then (the motive of) Gcan,min does not belong to GSpX〈GOrb⊗
SpXbd〉.
Proof. Let G := Z. There exists a continuous equivariant coarse homology theory F such
that F (Gcan,min) is not a phantom object, i.e., idF (Gcan,min) is not a phantom morphism.
We can e.g. choose F = KCXG. We then set E := FGcan,min . Then being a phantom
morphism by Lemma 3.52.2 the comparison morphism EBredon(Gcan,min)→ E(Gcan,min) ≃
ΣE(∗) is not an equivalence. Since E is hyperexcisive by Lemma 3.37, in view of Lemma
3.48 Gcan,min can not belong to GSpX〈GOrb⊗ SpXbd〉.
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3.6 Coarse Assembly Maps
Let C be a cocomplete stable ∞-category, and let E be in Funcolim(GSpcX ,C). We
consider a family of subgroups F of G. Then we have the following two stages of approx-
imations of E
σE,F ,X : E
Bredon
F
αE,F
→ EBredon
βE→ E .
We first approximate E by its associated Bredon-style equivariant coarse homology theory
EBredon, and then we approximate the latter by its restriction EBredonF to the family F .
Recall that E gives rise to the functor (3.13)
E : GOrb→ Funcolim(SpcX ,C) .
Furthermore we define the functors (using the covariant version of the adjunction (2.4)
and Definition 3.29)
EF := IndFResFE , E
Bredon
F := (EF)
G ◦ Y ,
and let αE,F be image under (−)
G ◦Y of the counit (3.11) of the adjunction (IndF ,ResF).
The quality of the approximation βE of E by its associated Bredon-style homology theory
has been discussed in Section 3.5. In the present section we consider the approximation
αE,F .
If H is a subgroup of G, then we have the induction functor
IndGH : HF∩HOrb→ GFOrb , U 7→ G×H U .
For E as above and for every subgroup H of G we then define the functor
EH : HOrb→ C, EH(S) := E(Ind
G
H(S)min,max) . (3.26)
For any functor F defined on HOrb with values in some cocomplete target, and for any
family of subgroups F ′ of H , we have the assembly map
AsblF,F ′ : colimU∈H
F′
Orb F (U)→ F (∗)
induced by the collection of morphisms U → ∗ for all U in HF∩HOrb.
Let C be a cocomplete stable ∞-category, let E be in Funcolim(GSpcX ,C), and let X
be in GSpX .
Proposition 3.54. Assume:
1. E is hyperexcisive.
2. X belongs to GSpXbd.
3. The assembly map AsblEH ,F∩H is an equivalence for every subgroup H of G.
Then
αE,F ,X : E
Bredon
F (X)→ E
Bredon(X)
is an equivalence.
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Proof. For a subgroup H of G the induction functor induces an equivalence of categories
IndGH : HF∩HOrb→ GFOrb/(G/H) , U 7→ (G×H U → G/H) .
Indeed, an inverse functor (with obvious transformations whitnessing this fact) is given
by
GFOrb/(G/H)→ HF∩HOrb , (p : T → G/H) 7→ p
−1(eH) .
Therefore the Assumption 3. can be rewritten as asserting the equivalence
colim(R→S)∈GFOrb/S E(Rmin,max)
∼
→ E(Smin,max) (3.27)
for every S in GOrb.
Since the domain and the codomain of σE,F preserve colimits it suffices to show the
equivalence for bounded G-bornological coarse spaces X . If X is bounded, then X(S) is
bounded for every S in GOrb. In view of Definition 3.29 it therefore suffices to show that
EF(S)(W )→ E(S)(W ) is an equivalence for every S in GOrb and bounded bornological
coarse space W . This follows from the chain of equivalences
EF (S)(W ) ≃ (IndFResFE)(S)(W )
≃ colim(R→S)∈GFOrbE(R)(W )
≃ colim(R→S)∈GFOrbE(Rmin,max ⊗W )
(3.17)
≃ colim(R→S)∈GFOrb π0(W )⊗E(Rmin,max)
(3.27)
≃ π0(W )⊗E(Smin,max)
(3.17)
≃ E(Smin,min ⊗W )
≃ E(S)(W ) .
Let C be a cocomplete stable∞-category, let E be in Funcolim(GSpcX ,C), and let X be
inGSpX . Combining Proposition 3.54 and Corollary 3.48, and using that GSpX〈GOrb⊗
SpXbd〉 is contained in GSpXbd, we get:
Corollary 3.55. Assume:
1. E is hyperexcisive.
2. X belongs to GSpX〈GOrb⊗ SpXbd〉.
3. The assembly map AsblEH ,F∩H is an equivalence for every subgroup H of G.
Then
σE,F ,X : E
Bredon
F (X)→ E(X)
is an equivalence.
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Example 3.56. We consider the equivariant coarse topologicalK-homology functorKXG
in Funcolim(GSpcX ,Sp) (see [BE16, Definition 7.52] for the non equivariant construction
and [BEa, Def. 5.2]). The twisted version KXGGcan,min has the values
KXGGcan,min((G/H)min,max) ≃ K
top(C∗r (H)) ≃ KUr,G(G/H)
for all subgroups H of G, where KUr,G was discussed in Remark 2.26. Furthermore we
have an equivalence
KXHHcan,min ≃ KX
G
Gcan,min
◦ IndGH
for every subgroup H of G. In particular, the functor (3.26) can be identified as follows:
(KXGGcan,min)H ≃ KX
H
Hmin,max
◦ (−)min,max ≃ KUr,H .
The Baum-Connes conjecture for the groupH asserts, that the assembly map AsblKUr,H ,Fin
is an equivalence, where Fin denotes the family of finite subgroups.
The equivariant coarse homology theory KXG is continuous, and consequently KXGGcan,min
is hyperexcisive by Lemma 3.37. The Corollary 3.55 now has the following immediate
consequence.
Corollary 3.57. Assume:
1. The Baum-Connes conjecture holds true for all subgroups of G.
2. X belongs to GSpX〈GOrb⊗GSpXbd〉.
Then
σKXG
Gcan,min
,Fin,X : (KX
G
Gcan,min
)BredonFin (X)→ KX
G
Gcan,min
(X)
is an equivalence.

Example 3.58. Let A be an additive category and KAXG in Funcolim(GSpcX ,Sp) be
the equivariant coarse algebraic K-theory functor with coefficients in A (see [BEKW17,
Definition 8.8]). The values of its twisted version are given by
KAXGGcan,min(G/H) ≃ KA
G(G/H) ≃ Kalg(A[H ]) ,
where Kalg is the non-connective K-theory functor for additive categories, and KAG :
GOrb → Sp is the functor first defined by Davis-Lu¨ck [DL98]. We again have the
equivalences
KAXGGcan,min ◦ Ind
G
H ≃ KAX
H
Hcan,min
for all subgroups H of G. Furthermore we can identify the functor (3.26) by
(KAXGGcan,min)H ≃ KA
H .
The Farrell-Jones conjecture for H with coefficients in A asserts that the assembly map
AsblKAH ,VCyc is an equivalence, where VCyc denotes the family of virtually cyclic sub-
groups of H .
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The equivariant coarse homology theoryKAXG is continuous, and consequentlyKAXGGcan,min
is hyperexisive by Lemma 3.37. The Proposition 3.55 now has the following immediate
consequence.
Corollary 3.59. Assume:
1. The Farrell-Jones conjecture with coefficients in A holds true for all subgroups of
G.
2. X belongs to GSpX〈GOrb⊗GSpXbd〉.
Then
σKAXG
Gcan,min
,VCyc,X : (KAX
G
Gcan,min
)BredonVCyc (X)→ KAX
G
Gcan,min
(X)
is an equivalence.

4 Localization for coarse homology theories
4.1 The Coarse Abstract Localization Theorems
In this section we state and prove the abstract localization theorems for Bredon-style
equivariant coarse homology theories.
Let X be an object of Fun(GOrbop,SpcX ), and F let be a conjugation invariant set of
subgroups of G. We define the morphism XF → X as in Definition 2.5.
We let C be a cocomplete stable ∞-category and consider a functor E : GOrb →
Funcolim(SpcX ,C). We furthermore recall the Definition 3.13 of the functor EG.
Theorem 4.1 (Coarse Abstract Localization Theorem I). Assume:
1. F is a family of subgroups of G.
2. E vanishes on F .
Then the induced morphism
EG(XF)→ EG(X)
is an equivalence.
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Proof. This follows from the following chain of equivalences which are natural for C in C.
MapC(E
G(XF), C) ≃ MapC(E,C)(X
F)
≃ MapC(E,C)(IndF⊥ResF⊥X)
≃ (CoindF⊥ResF⊥MapC(E,C))(X)
Lemma2.9
≃ MapC(IndF⊥ResF⊥E,C)(X)
Lemma2.10
≃ MapC(E,C)(X)
≃ MapC(E
G(X), C)
The second version of the abstract localization theorem starts with the choice of a conju-
gacy class γ of G.
Let X be a G-bornological coarse space.
Definition 4.2. We define the G-bornological coarse space Xγ to be the G-invariant
subset
Xγ :=
⋃
g∈γ
Xg
of X with the induced bornological coarse structures.
If X is a G-bornological coarse space and A is a G-invariant subset of X , then we denote
by {A} the big family generated by A. If F is a functor defined on GBornCoarse
with a cocomplete target, then we define F ({A}) := colimA′∈{A} F (A′). We have natural
morphisms
F (A)→ F ({A})→ F (X) . (4.1)
The following definition is the coarse analog of Definition 2.16.
Definition 4.3. We call A a nice subset of X if the natural morphism YoG(A) →
YoG({A}) is an equivalence.
Remark 4.4. Note that the Definition of a nice subset given above is a motivic analogue
of the definition of a nice subset given in [BEKW17, Def. 3.3]. If a subset is nice according
to the definition in this reference, then it is nice in the sense of Definition 4.3. ♠
We consider a functor E : GOrb → Funcolim(SpcX ,C) and let X be a G-bornological
coarse space. We furthermore let γ be a conjugacy class of G. Recall the functor Y˜ :
GBornCoarse→ Fun(GOrbop,SpcX ) defined as the composition (3.7).
Theorem 4.5 (Coarse Abstract Localization Theorem II). Assume:
1. Xγ is a nice subset of X.
2. E vanishes on F(γ).
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Then the map
EG(Y˜ (Xγ))→ EG(Y˜ (X))
induced by the inclusion Xγ → X is an equivalence.
The following two Lemmas prepare the proof of Theorem 4.5.
The following Lemma is the reason that we work unstably with GSpcX instead of
GSpX
Lemma 4.6. The functor Yo : BornCoarse→ SpcX detects the empty space.
Proof. For the argument it is useful to indicate by a subscript in which category the
respective initial object is considered. The assertion says that Yo(W ) = ∅SpcX im-
plies that W is the empty bornological coarse space. We argue indirectly and assume
that W in BornCoarse is non-empty. Then there exists a morphism ∗ → W and
hence a morphism Yo(∗) → Yo(W ). We now use that SpcX is a full subcategory of
PSh(BornCoarse) and the initial object ∅SpcX is represented by the presheaf with value
∅Spc on non-empty objects ofBornCoarse, and value ∗Spc (the final object in Spc) on the
empty bornological coarse space. 5 The morphism Yo(∗) → Yo(W ) induces a morphism
Yo(∗)(Z) → Yo(W )(Z). Since Yo(∗) 6≃ ∅SpcX (since we have coarse homology theories
which evaluate non-trivially on the point) there exists a non-empty Z in BornCoarse
such that Yo(∗)(Z) 6≃ ∅Spc. Since MapSpc(A, ∅Spc) ≃ ∅Spc for every non-initial A in Spc
we then see that Yo(W )(Z) 6≃ ∅Spc and therefore Yo(W ) 6≃ ∅SpcX .
Let X be a G-bornological coarse space and γ be a conjugacy class of G.
Lemma 4.7. We have Y˜ (X)F(γ) ≃ ∅ if and only if Xγ = ∅.
Proof. Assume that Xγ = ∅. If H is in F(γ)⊥, then there exists h in H ∩ γ. But then
XH ⊆ Xh ⊆ Xγ, i.e., XH = ∅. This implies that Y˜ (X)(G/H) ≃ ∅. We conclude that
ResF(γ)⊥ Y˜ (X) ≃ ∅ and hence Y˜ (X)
F(γ) ≃ ∅.
Since the inclusionGF⊥Orb→ GOrb is fully faithful we have an equivalence ResF⊥IndF⊥ ≃
id. Assume now that Y˜ (X)F(γ) ≃ ∅. Then
Y˜ (X)(G/H) ≃ (ResF⊥Y˜ (X))(G/H)
≃ (ResF⊥IndF⊥ResF⊥Y˜ (X))(G/H)
≃ (Y˜ (X)F(γ))(G/H)
≃ ∅
for all H in F(γ)⊥. This implies XH = ∅ for these subgroups by Lemma 4.6.
For every h in γ we have 〈h〉 ∈ F(γ)⊥ and hence Xh = X〈h〉 = ∅. We conclude that
Xγ = ∅.
5Note that ∅SpcX differs from the initial object in PSh(BornCoarse) which is the constant presheaf
with value ∅Spc.
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Let γ be a conjugacy class of G, X be a G-bornological coarse space, and consider a
functor E : GOrb→ Funcolim(SpcX ,C).
Lemma 4.8. If Xγ = ∅ and E vanishes on F(γ), then EG(Y˜ (X)) ≃ 0.
Proof. This is an immediate consequence of Theorem 4.1 and Lemma 4.7.
Proof of Theorem 4.5. We consider the complementary pair (X \Xγ, {Xγ}). By excision
for the equivariant coarse homology theory EG ◦ Y˜ (see Corollary 3.15) we have the
push-out square
EG(Y˜ ({Xγ} ∩ (X \Xγ))) //

EG(Y˜ ({Xγ}))

EG(Y˜ (X \Xγ)) // EG(Y˜ (X))
. (4.2)
By Lemma 4.8 we have EG(Y˜ (X \Xγ)) ≃ 0 and EG(Y˜ ({Xγ} ∩ (X \Xγ))) ≃ 0. Hence
the right vertical map in (4.2) is an equivalence. Since Xγ is a nice subset of X we have
an equivalence EG(Y˜ (Xγ)) ≃ EG(Y˜ ({Xγ})) induced by the inclusions of Xγ into the
members of {Xγ}. Both facts together imply the assertion of the theorem.
If in Theorem 4.5 we drop the assumption that Xγ is a nice subset of X , then the same
argument still proves the following version:
Theorem 4.9 (Coarse Abstract Localization Theorem II′). If E vanishes on F(γ), then
the natural morphism (see (4.1))
EG(Y˜ ({Xγ}))→ EG(Y˜ (X))
is an equivalence.
We now consider a functor E in Funcolim(GSpcX ,C) (i.e., a C-valued equivariant coarse
homology theory). As a corollary of Theorem 4.5 we obtain its version for the associated
Bredon-style equivariant coarse homology of E. Recall the Definition 3.28 of the functor
E. Let X be a G-bornological coarse space and γ be a conjugacy class of G.
Corollary 4.10. Assume:
1. Xγ is a nice subset of X.
2. E vanishes on F(γ).
Then the morphism
EBredon(YoG(X
γ))→ EBredon(YoG(X))
induced by the inclusion Xγ → X is an equivalence.
Similarly, from Theorem 4.9 we get:
Corollary 4.11. If E vanishes on F(γ), then the morphism
EBredon(YoG({X
γ}))→ EBredon(YoG(X))
is an equivalence.
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4.2 Localization for equivariant coarse topological K-homology
In this section we show how the Abstract Coarse Localization Theorem II and its Corollary
4.10, in particular, can be applied in the case of the equivariant coarse topological K-
homology KXG discussed in Example 3.56. Note that the categories GBornCoarse
and Sp have symmetric monoidal structures denoted by ⊗ and ∧, respectively. The
category GSpcX has a symmetric monoidal structure essentially uniquely determined by
the property that the functor Yo : GBornCoarse→ GSpcX has a symmetric monoidal
refinement [BEKW17, Lemma 4.16].
We will now suppose6 that the functor KXG : GBornCoarse→ Sp has a lax symmetric
monoidal refinement. Then, by the universal property of Yo also its factorization KXG :
GSpcX → Sp over Yo (as usual this factorization is denoted by the same symbol) has a
lax symmetric refinement.
Since the tensor unit ∗ in GBornCoarse is a commutative algebra object it follows that
R := KXG(∗) is a commutative algebra in Sp. Moreover, for every object T in GSpX
the T -twist KXGT of the functor KX
G naturally refines to an equivariantMod(R)-valued
coarse homology theory, or equivalently, to an element of Funcolim(GSpcX ,Mod(R))
which will still be denoted by the same symbol KXGT .
In order to calculate the ring spectrum R we now recall some details of the definition of
KXG [BEa, Def. 5.2]. For a G-bornological coarse space X we have
KXG(X) ≃ Ktop(VG(X)) ,
where VG(X) is the C∗-category of equivariant X-controlled Hilbert spaces and controlled
locally compact morphisms. In particular, VG(∗) is the C∗-category of finite-dimensional
unitary representations of G and intertwiners. This category is semisimple and generated
by the irreducible finite-dimensional unitary representations of G. The ring structure on
R is induced by the tensor product of finite-dimensional unitary representations of G.
The representation ring R(G) of G is defined as the ring-completion of the semiring of
isomorphism classes of finite-dimensional unitary representations of G. It then follows
that π0(R) ∼= R(G).
From now on we assume that G is finite.
Let γ be a conjugacy class of G and (γ) in R(G) be the corresponding ideal, see Definition
2.22. Using the isomorphism π0(R) ∼= R(G) we can form the localizations R(γ) of the ring
spectrum R and
KXGT,(γ) := KX
G
T ⊗RR(γ)
of the R-module spectrum valued functor KXGT . Recall the Definition 2.12 of the family
of subgroups F (γ) and Definition 3.28 of KXGT,(γ).
6We expect that this symmetric monoidal refinement exists, but the details have not been written up
yet. The missing piece is a symmetric monoidal refinement of the topological K-theory functor from
C∗-categories to spectra. It is planned to consider this question in [BEb].
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Proposition 4.12. KXGT,(γ) vanishes on F(γ).
Proof. In view of (3.13) it suffices show that
KXG(γ)((G/K)min,max ⊗X) ≃ 0
for everyK in F(γ) andX inGBornCoarse. This implies the result by settingX = T⊗Y
for Y in BornCoarse.
We must explicitly understand theR-module structure ofKXG(Z) for Z inGBornCoarse.
It is induced by the morphim of C∗-categories
VG(∗)⊗VG(Z)→ VG(Z)
which sends ((V, π), (H, φ, ρ)) to (V ⊗H, idV ⊗φ, π⊗ρ). Here (V, π) is a finite-dimensional
unitary representation of G, and (H, φ, ρ) is an equivariant Z-controlled Hilbert space,
where (H, ρ) is a Hilbert space with a unitary action ofG and φ is an equivariant projection
valued measure on Z. This construction extends to morphisms in the natural way. In
particular, for every (V, π) we have morphisms between C∗-categories
(V, π)⊗ (−) : VG((G/K)min,max ⊗X)→ V
G((G/K)min,max ⊗X) .
Assume now that (V ±, π±) are two finite-dimensional unitary representations of G such
that there exists a unitary isomorphism W : (V +, π+)|K → (V
−, π−)|K . Then we define a
diag(G/K ×X)-controlled equivariant unitary isomorphism
W˜(H,φ,ρ) : (V
+ ⊗H, idV ⊗ φ, π
+ ⊗ ρ)→ (V − ⊗H, idV ⊗ φ, π
− ⊗ ρ)
by
W˜(H,φ,ρ) :=
∑
gK∈G/K
π−(g)Wπ+(g−1)⊗ φ({gK} ×X) .
Note that the summands are well-defined since W is K-equivariant. This construction is
natural in (H, φ, ρ) and provides a unitary isomorphism of functors
VG((G/K)min,max ⊗X)
(V +,pi+)⊗(−)
((
(V −,pi−)⊗(−)
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⇓ W˜ VG((G/K)min,max ⊗X) .
At this point it is crucial that we consider the minimal coarse structure on the factor
G/K since this implies that W˜ induces a natural transformation.
The existence of the isomorphism W˜ implies that the multiplications by the classes
[V +, π+] and [V −, π−] in R(G) ∼= π0KXG(∗) on π∗KXG((G/K)min,max⊗X) coincide. Con-
sequently, if ρ in R(G) satisfies ρ|K = 0, then ρ acts trivially on π∗KX
G((G/K)min,max ⊗
X).
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We now proceed as in the proof of Lemma 2.24. By the result of Segal mentioned there we
can choose η in R(G) such that η|K = 0 and Trη(g) 6= 0 for all g in γ. Then η is invertible
in π0R(γ) ∼= R(G)(γ). By the universal property of the localization the multiplication by
η on KXG(γ)((G/K)min,max⊗X) is an equivalence, and by the argument above it vanishes.
Therefore we have KXG(γ)((G/K)min,max ⊗X) ≃ 0.
Let X be a G-bornological coarse space, and let γ be a conjugacy class of G. Let T be
an object of GSpX .
Theorem 4.13 (The Coarse Segal Localization Theorem). Assume:
1. G is finite.
2. Xγ is a nice subset of X.
3. Yos(X) and Yos(Xγ) belong to GSpX〈GOrb⊗ SpX〉.
Then the inclusion Xγ → X induces an equivalence
KXGT,(γ)(X
γ)
≃
→ KXGT,(γ)(X) .
Proof. Because of our assumptions on G and X , using Corollary 3.43, we can replace the
functor KXGT,(γ) by its Bredon-style approximation (KX
G
T,(γ))
Bredon. By Proposition 4.12
KXG(γ) vanishes on F(γ). In view of Definition 3.29 we now apply the Theorem 4.5 in
order to get the assertion.
Remark 4.14. One can deduce a special case of the classical Segal Localization Theorem
2.25 from Theorem 4.13 as follows. We consider finiteG-simplicial complexes asG-uniform
bornological coarse spaces with the structures induced from the spherical path metric on
the simplices. After passing to a subdivision we can assume that if g in G fixes an interior
point of a simplex, then it fixes the whole simplex.
For a finite G-simplicial complexW , essentially by the definition ofO∞hlg, we have a natural
equivalence
Yos(O∞(W )) ≃ O∞hlg(W ) , (4.3)
where O∞ : GUBC→ GBornCoarse is the geometric version of the cone-at-∞ functor
(see [BEKW17, Section 9]). The latter sends a G-uniform bornological coarse space Z
to the G-bornological coarse space (Rd ⊗ Z)h, where h indicates the hybrid structure on
Rd ⊗ Z associated to the family of subsets ((−∞, n] × Z)n∈N, and Rd has the uniform
bornological coarse structures induced from the standard metric. The equivalence (see
[BEKW17, Section 10.4])
ΣKUGG ◦ Y˜ ≃ KX
G
Gcan,min
◦ O∞hlg
then implies the equivalences
ΣKUGG (Y˜ (W )) ≃ KX
G
Gcan,min
(O∞hlg(W )) ≃ KX
G
Gcan,min
(O∞(W )) ,
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which are natural in W .
We consider the fixed-point setW γ with the uniform bornological coarse structure induced
fromW (which might be different from the intrinsic one ifW γ is not connected). The fixed
point setW γ admits a tubular neighbourhood and is therefore nice inW . We furthermore
have a canonical identification O∞(W γ) ∼= O∞(W )γ. In addition we can conclude that
O∞(W )γ is nice in O∞(W ) in the sense of Definition 4.3.
By Lemma 3.50 and the equivalence (4.3) we know thatO∞(W ) belongs toGSpX〈GOrb⊗
SpcX〉. The same applies to O∞(W γ), since W γ is just a subcomplex.
Therefore we can apply Theorem 4.13 and conclude:
Corollary 4.15. The inclusion W γ → W induces an equivalence
KUGG,(γ)(Y˜ (W
γ))
≃
→ KUGG,(γ)(Y˜ (W )) .
♠
4.3 Localization for equivariant coarse algebraic K-homology
In this section we apply the abstract localization results to equivariant coarse algebraic
K-theory discussed in Example 3.58.
Let Q be a commutative ring. We consider the additive category Q :=Mod(Q)fg,free of
finitely generated free Q-modules. The tensor product turns Q into a ring object in the
symmetric monoidal category of additive categories. Let now A be a symmetric monoidal
additive category with a symmetric monoidal functor Q→ A.
To every symmetric monoidal additive category A with strict G-action we associate a
lax-symmetric monoidal functor
VGA : GBornCoarse→ Add ,
see [BC19] for details. The symmetric monoidal functor Q → A gives a lax symmetric
monoidal transformation of functors
VGQ → V
G
A .
The algebraic K-theory of additive categories can be refined to a symmetric monoidal
functor
K : Add→ Sp .
We then get a lax-symmetric monoidal functor (see again [BC19] for details)
KAXG := K ◦VGA : GBornCoarse→ Sp
which is an equivariant Sp-valued coarse homology theory. It is called the equivariant
coarse algebraic K-homology with coefficients in A.
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In particular we get a commutative ring spectrum
RA := KAX
G(∗) (4.4)
and the functor KAXG refines to aMod(RA)-valued equivariant coarse homology theory
which we will denote by the same symbol.
The symmetric monoidal functor Q→ A induces a natural transformation of symmetric
monoidal functors KQXG → KAXG which induces a ring homomorphism RQ → RA.
We note thatVGQ(∗) is the symmetric monoidal category of representations of G on finitely
generated free Q-modules which can also be written as Fun(BG,Q). The ring completion
of the semi-ring of isomorphism classes in VGQ(∗) will be denoted by RQ(G). We have a
homomorphism of rings
κ : RQ(G)→ π0RQ → π0RA .
If K is a subgroup of G, then restriction of the action from G to K induces a homomor-
phism of rings
RQ(G)→ RQ(K) , η 7→ η|K .
Let K be a subgroup of G and X be in GBornCoarse. Let η be an element of RQ(G).
Proposition 4.16. If η|K = 0, then the multiplication by κ(η) on π∗KAXG((G/K)min,max⊗
X) vanishes.
Proof. We must explicitly understand the RQ(G)-module structure of π∗KAX
G(Y ) for
Y in GBornCoarse. It is induced by the morphism of additive categories
VGQ(∗)⊗V
G
A(Y )→ V
G
A(Y )
which sends ((V, π), (H, ρ)) to (V ⊗ H, π ⊗ ρ). Here (V, π) is a representation of G on a
finitely generated free Q-module, and (H, ρ) is an equivariant Y -controlled A-object, i.e,
an equivariant cosheaf (determined on points) on the bornology BY of Y with values in
A [BEKW17, Definition 8.3]. With the obvious extension of the constructions above to
morphisms we have actually constructed an exact functor between additive categories
(V, π)⊗ (−) : VGA((G/K)min,max ⊗X)→ V
G
A((G/K)min,max ⊗X) .
Assume now that (V ±, π±) are two representation of G on finitely generated projective
Q-modules such that there exists an isomorphism W : (V +, π+)|K → (V −, π−)|K. Then
we define a diag(G/K ×X)-controlled isomorphism
W˜(H,ρ) : (V
+ ⊗H, π+ ⊗ ρ)→ (V − ⊗H, π− ⊗ ρ)
by
(W˜(H,ρ))(gK,x) := π
−(g)Wπ+(g−1)⊗idH({(gK,x)}) : V
+⊗H({(gK, x)})→ V −⊗H({(gK, x)})
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for all points (gK, x) in G/K×X . Since we consider the minimal coarse structure on the
G/K-factor these isomorphisms provide a natural isomorphism of functors
VGA((G/K)min,max ⊗X)
(V +,pi+)⊗(−)
((
(V −,pi−)⊗(−)
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⇓ W˜ VGA((G/K)min,max ⊗X) .
The existence of the isomorphism W˜ implies that the multiplications by the classes
κ([V +, π+]) and κ([V −, π−]) on π∗KAXG((G/K)min,max ⊗ X) coincide. Consequently,
if η in RQ(G) satisfies η|K = 0, then η acts trivially on π∗KAXG((G/K)min,max⊗X).
Recall Definition 3.42 and Definition 3.47. We fix a conjugacy class γ in G and consider
a prime ideal I in the commutative ring RQ(G). Let T be an object in GSpX .
Theorem 4.17. Assume
1. One of
a) G is finite and Xγ, X belong to GSp〈GOrb⊗ SpX〉.
b) T≃ YosG(Gcan,min) and X
γ, X belong to GSp〈GOrb⊗ SpbdX〉.
2. For every K in F (γ) there exists η in RQ(G) with η|K = 0 and which is invertible
in RQ(G)(I).
3. Xγ is nice in X.
Then the inclusion Xγ → X induces an equivalence
KAXGT,(I)(X
γ)→ KAXGT,(I)(X) .
Proof. By Assumption 1 we can replace KAXGT,(I) by its Bredon-style approximation.
In case 1.1a we use Corollary 3.43, and in case 1.1b we use Corollary 3.48, the fact
that KAXG is continuous [BEKW17, Proposition 8.17], and Lemma 3.37 implying that
KAXGGcan,min,(I) is hyperexcisive. Using Assumption 2 we show as in the proof of Propo-
sition 4.12 and using Proposition 4.16 that KAXGT,(I) vanishes on F (γ). The asserted
equivalence now follows from Corollary 4.10.
Let Q be a ring and M be an additive category enriched over Q. We consider a prime
ideal I in the commutative ring RQ(G). Let furthermore γ be a conjugacy class in G, and
let T be in GSpX .
Theorem 4.18. Assume
1. One of
a) G is finite and Xγ, X belong to GSp〈GOrb⊗ SpX〉.
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b) T ≃ YosG(Gcan,min) and X
γ, X belong to GSp〈GOrb⊗ SpbdX〉.
2. For every K in F (γ) there exists ρ in RQ(G) with ρ|K = 0 and which is invertible
in RQ(G)(I).
3. Xγ is nice in X.
Then the inclusion Xγ → X induces an equivalence
KMXGT,(I)(X
γ)→ KMXGT,(I)(X) .
Proof. A Q-enriched additive category M is the same as a Q-module category. We can
encode this structure into a new symmetric monoidal additive category A := Q ⊕M,
the square-zero extension of Q by M. The inclusion Q → A is a symmetric monoidal
functor. It provides a fibre sequence of equivariant coarse homology theories with values
in RQ-modules (see (4.4) for RQ)
KQXG → KAXG → Cofibre→ ΣKQXG .
The underlying additive category of A is the sum of Q and M. Since the functor
B 7→ KBXG from additive categories to Sp-valued equivariant coarse homology theo-
ries preserves sums we can identify the underlying Sp-valued functor of the cofibre with
KMXG. In other words, we have refined KMXG to a functor with values in RQ-modules
and can therefore form the localization at I. We have a fibre sequence of Sp-valued coarse
homology theories
KQT,(I)X
G → KAXGT,(I) → KMX
G
T,(I) → ΣKQT,(I)X
G .
Now Theorem 4.17 applied to KQT,(I)X
G and KAXGT,(I) provides the desired equivalence
for KMXGT,(I).
Remark 4.19. In general the Assumption 4.18.2 is strong. If G is finite and Q = C,
then it is satisfied for the ideal I = (γ) (Definition 2.22) by the result of Segal [Seg68b]
mentioned in the proof of Lemma 2.24. We therefore get:
Theorem 4.20. Assume that M is an additive category enriched over C-vector spaces
and:
1. G is finite.
2. Xγ, X belong to GSp〈GOrb⊗ SpX〉.
3. Xγ is nice in X.
Then the inclusion Xγ → X induces an equivalence
KMXGT,(γ)(X
γ)→ KMXGT,(γ)(X) .
♠
Remark 4.21. The localization theorems for the equivariant coarse algebraicK-homology
theoryKMXG implies a localization theorem for the equivariant homology theoryKMG :=
KMX◦O∞hlg which is similar to Corollary 4.15. The argument uses Lemma 3.4 and Lemma
3.50. We leave the details to the interested reader. ♠
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